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1 Basic Theory
We want to find integer solutions to Diophantine equations
flx1,...,2n) € Zlxy, ..., 2y
This is hard, so we also study congruences: solutions modulo p,p?,... Local

fields package this information together.

1.

1 Absolute value

Definition 1.1. Let K be a field. An absolute value on K is a function

| : K — R4 such that

(i) || =0 < 2=0

(i) fzy| = |=[ly]
(iii) |z +y| < |z|+ |y| (triangle inequality)
We say (K, |-]) is a valued field.

Examples 1.2.

1. K = Q,R or C with the usual absolute value |a + ib| = Va2 + b%. We
write | - | for this absolute value.

2. Let K be any field. The trivial absolute value on K is

0 ifz=0
x| = , -
1 ifx#0
Note that 2™ =1 = |z| = 1, so the only absolute value on a finite field

is the trivial absolute value.

3. Take K = Q and let p be a prime. For 0 # x € Q, write x = p" ¢ where
n € Z, and a and b are both coprime to p. Then set

0 ifx=0
|m|P: —n if = pn& :
p" ifz=p"g



This is indeed an absolute value. Indeed, axiom (i) is trivial, and (ii)
holds as a product of numbers coprime to p is coprime to p. For (iii), have
y = p™§ with (wlog) m > n; then

ad + p™ "be
bd

n .

<p " = max{|z[p, [ylp}-
P

lz+ylp = |p

This is in fact stronger than the triangle inequality.

An absolute value |- | on K induces a metric d(x,y) = | — y| on K, which in
turn induces a topology on K.

Note that, by the same proofs as in the real case, limits with respect to this
topology commute with field operations; in particular, polynomials are contin-
uous. This makes (K| -|) into a topological field, and K* into a topological
group.

Definition 1.3. Let |- | and |- |’ be two absolute values on a field K. These
are equivalent if they induce the same topology on K. An equivalence class of
absolute values on K is called a place.

From now on, all absolute values are nontrivial unless otherwise stated.

Proposition 1.4. Let |-| and |-
K. TFAE:

| be two (nontrivial) absolute values on a field
1. |-] and |- | are equivalent.

2. 2| <1 <= |z|' <1 forallz € K.

3. Jec € R such that, for all x € K, |z|' = |z|°.

The last condition implies that the absolute value of a place is determined up
to a uniform exponential factor.

Proof.

(1) = (2): |z|] <1 <= 2" =0 <= 2" =) 0 <= [z|' < 1. Here —,
means that the limit is with respect to the topology of | - |.

(2) = (3): Fix a € K* such that |a] > 1 (exists since | - | is nontrivial). It

suffices to show that, for all z € K, igil‘z‘l = ig ‘IZ}: Suppose FAC (wlog) that,

log || I
> log |af

log |z

for some z -,
log [a]

<

Then there are m,n € N such that

log|z| ~m _log|z|

logla] ~ n ~ loglal’

But then nlog|z| < mlog|a| and nlog|z| > mlog|a|’. Exponentiating, have
|25 < 1, but | 20| > 1.
(3) = (1): Clear. O

Note that, by our definition, |- |2, on C is not an absolute value. Some authors
replace the triangle inequality with |z + y|® < |z|? + |y|® (for B fixed) in or-
der to allow such functions. By the last theorem, the resulting theory is the
same.



Definition 1.5. An absolute value |-| on K is non-Archimedean if it satisfies
the ultrametric inequality |z+y| < max{|z|, |y|} for all z,y € K. Otherwise,
|- | is Archimedean. We sometimes call K itself (non-)Archimedean when | - |
is understood.

This course mainly deals with non-Archimedean absolute values.
Example 1.6. |- | on Q is Archimedean, but | - |, is non-Archimedean.

Lemma 1.7. Let |- | be a non-Archimedean absolute value on K, and let z,y €
K. f x| <yl, then [z —y| = [y.

Proof.
|z —yl < max{lz],[ —y[} = [y[ (as | —y| = y)
ly| < max{|z[, |z —yl|} = |z — y| (otherwise [y| < |z]x)

O
Geometrically, this shows that all triangles are isosceles in non-Archimedean
fields.
Convergence is easier to check in a non-Archimedean field:

Proposition 1.8. Let (K, |-|) be non-Archimedean, and let (x,) be a sequence
in K. If |xy, — xpy1| — 0, then (x,) is Cauchy. In particular, if K is complete
with respect to | - |, then (x,) converges.

Proof. For ¢ > 0, find N such that |z, — n41| < € for n > N. Then, for
N < n < m, have

[T — T | = [T — Trg1) + (Tng1 — Tpg2) + -+ (Tt —T)| < €

by the ultrametric inequality, so (z,) is Cauchy. O

Example 1.9. Take p = 5. We will construct a sequence (x,,) such that
(i) 2 +1 =0 mod 5"
(ii) @p = Tp41 mod 5"

Indeed, take 2; = 2, and suppose we have constructed x,,. Let 2 + 1 = ab",
and set x, 41 = ©, + b5™. Then

22 +1=ab" + 2bx,5" + b*5>"
so it suffices to choose b satisfying a + 2bx,, = 0 mod 5. This is possible since
x, Z 0 by construction, so we have shown that such a sequence exists.

By condition (ii), (z,) is Cauchy wrt | - |5. Suppose x,, — [ € Q; then z2 — I2.
But, by condition (i), 22 — —1,s0 2 = —1.4

Therefore Q is not complete with respect to | - |5.

Let (K,|-]|) be a valued field. Recall that we can construct completions of

metric spaces using equivalence classes of Cauchy sequences. We can therefore
construct the completion K of K with respect to (the metric induced by) |- |.



In fact, the metric space K is a field equipped with a natural absolute value

(usually also written | - |) extending | - | on K it is given by
(@)] = lim [z

Example 1.10. R (equipped with | - |») is the completion of Q with respect
to |+ |oo-

Definition 1.11. The valued field of p-adic numbers Q, is the completion of
Q with respect to | - |,.

Let (K, |- [) be a non-Archimedean valued field. For » € K and r € Ry, write
B(z,r) and B(z,r) for the open and closed balls of radius r about z in the
metric induced by |- |. These violate our geometric intuition:

Lemma 1.12.
(i) Open balls don’t have centres: if z € B(x,r), then B(z,r) = B(x,r).
(ii) Closed balls also don’t have centres: if z € B(x,r), then B(z,r) = B(x,7).
(iti) B(x,r) is closed.
(iv) B(z,r) is open.
Proof.

(i): Let y € B(x,r). Then |z —y| < r, so |z —y| < max{|z — z|, |z —y|} <.
Hence B(z,r) C B(z,r); by symmetry, B(z,r) = B(z,7).

(ii): Same as (i).
(iii): Let y ¢ B(z,r). If z € B(x,r) N B(y,r), then, by (i), B(z,r) = B(z,r) =

B(y,r).% Thus B(x,r) and B(y,r) are disjoint, so the complement of B(z,r) is
open.

(iv): Let 2z € B(x,r); then z € B(z,r) = B(z,7) by (ii). O

1.2 Valuation rings

Definition 1.13. Let K be a field. A valuation on K is a function v : K* — R
satisfying

(i) v(zy) = v(z) +v(y)

(i) v(z +y) = min{v(z), v(y)}
Valuations correspond to non-Archimedean places. Indeed, fix 0 < a < 1; a
valuation v on K then induces a non-Archimedean absolute value on K given

by |z| = @) (with |0] = 0). Conversely, a non-Archimedean absolute value |- |
on K yields a valuation v(z) = log, |z|.

Reusing the language of absolute values, we ignore the trivial valuation v(z) =
0, and say valuations v, w are equivalent if there is some ¢ € Ry such that
v(z) =c-w(x) for all z € K*.

Example 1.14.



1. Let K = Q; vp(x) = —log, |z, is the p-adic valuation. If z = p" ¢ with
a, b, coprime to p (as before), v,(z) = n.

2. Let K = k(t) := Frack[t] be the field of formal Laurent series over a field
k. Its t-adic valuation is given by

v (Z aiti> = min{i | a; # 0}

This is in fact the completion of the previous example (coefficients in Fp,
series in p).

Definition 1.15. Let (K, |-|) be a non-Archimedean valued field, with valuation
v. The valuation ring O of K is

Ox ={z e K ||z| <1} = B(0,1) = {0} U{z € K* | v(z) > 0}

Proposition 1.16.
1. Ok 1is an open subring of K.

2. The subsets {x € K | |z| <r} and {x € K | |x| <7} (forr <1) are open
ideals of Ok.

3. O ={zr e K||z|=1}.
Proof.

(i): |0 = 0 and |1| = 1, s0 0,1 € Og. Closed balls are open by previous
proposition. Closure is an easy check.

(ii): Easy checks.

(iii): |z| =1 < |z =|z]"'=1,%0 |z| =1 <= z,27! € O. O
Definition 1.17. Let m = {z € Ok | |z| < 1} < Ok; then k = Ok /m is the
residue field of K with respect to | - |.

Observe that m is a maximal ideal in Of. In fact, it is the only one:

Corollary 1.18. Ok is a local ring with (unique) mazimal ideal m.
Proof. O \m = Oj. O

For any x € m, we have O + 2~ 1Ok = K; in particular, K = Frac O.
Example 1.19. Let K = Q with |- |,. Then Ox = Z) = {$ € Q| p{ b},
m = pZy, and k = ).

Definition 1.20. Let v be a valuation on a field K. If imv & Z, then v is a
discrete valuation on K, and K is discretely valued. An element 7w € O
is a uniformiser if v(7) > 0 and v(7) generates imv.

Example 1.21. Q with a p-adic valuation and k(t) with the ¢-adic valuation
are discretely valued fields.



If w is a discrete valuation on K, we can rescale it to obtain an equivalent
valuation v with imv = Z. Then v is called a normalised valuation. Its
uniformisers are precisely those elements 7 € K with v(m) = 1.

We can characterise discrete valuations in terms of their valuation rings.
Lemma 1.22. Let v be a valuation on K. TFAE:

(i) v is discrete.

(ii) O is a PID.

(i1i) Ok 1is Noetherian.

(iv) m is principal.
Proof.
(i) = (ii): As K is a field, Ok is an ID. Now, let 0 # I < Ok, and find x € T
of minimal value by discreteness of v. Then (x) = {a € Ok | v(a) > z} C I;
on the other hand, if y € I, then v(z~'y) > 0, so y = z(z~'y) € (z). Hence
I=(x).
(ii) = (iii): Clear.

(iil) = (iv): Write m = (x1,...,2y); wlog set v(z;) < --- < v(x,). Then
T2y..., Ty € (1), S0 M = (7).

(iv) = (i): Let m = (), and let ¢ = v(n). If v(x) > 0, then € m, so v(x) > c.
Hence (0, ¢) is disjoint from imv. Since non-discrete subgroups of R are dense,
and the discrete subgroups of R are all isomorphic to Z, we are done. O

Condition (ii) is the most powerful; we therefore make the following defini-
tion.

Definition 1.23. A discrete valuation ring (DVR) is a local PID; equiva-
lently, it is a PID with exactly one nonzero prime ideal.

In fact, all DVRs have associated discrete valuations.
Lemma 1.24.
(i) Let v be a discrete valuation on a field K. Then Ok is a DVR.
(ii) Let R be a DVR. Then there exists a discrete valuation v on Frac R such
that O = R.
Proof.
(i) Ok is a PID by the last lemma, and contains the unique maximal ideal m.

(ii) Let R have unique nonzero prime ideal m. Then m = (7) for some prime
m € R. By unique factorisation, any 0 # = € R can be written uniquely
x = un® for some unit u € R* and k € N, so any 0 # 2 € Frac R can be
written uniquely as x = ur® for u € R* and k € Z. Define v(x) = k; can
easily check this satisfies the requirements.

O



Example 1.25. Z,) and k[t] are DVRs.

1.3 Completions of non-Archimedean valued fields

Let (/|- ) be a non-Archimedean valued field with Ox and m as before. Its
completion K is also non-Archimedean, and K is discretely valued iff K is.
More precisely, let v be the normalised valuation on K; then v(K*) = v(K*).
In particular, a uniformiser on K (if it exists) remains a uniformiser on K.

Example 1.26. The ring of p-adic integers Z, is the valuation ring of Q,:
Zp={z €Qyp|lzf, <1}

Since p is a uniformiser on Q wrt |- |,, the ring Z, is a DVR with maximal ideal
(p) and nonzero ideals (p™) (n > 0).

We understand the metric structure on K , but we also want to understand
its algebraic structure. To do this, we will consider an algebraic notion of
completion.

Definition 1.27. Let (A,)52; be a sequence of sets/groups/rings equipped
with homomorphisms ¢, : A,,;+1 — A,, called transition maps. The inverse
limit 1&nn A, of A, is the set/group/ring given by

@An:{an EHA onlan, + )Zan}SHAn,

with operations defined componentwise.

Let 0, : l&nn A, — A,, denote the mth natural projection. The inverse limit
satisfies the following universal property:

Proposition 1.28 (Universal property of the inverse limit). For any structure
B together with homomorphisms v, : B — A, such that

¢n+1
n+1

\ l%

commutes, there is a unique homomorphism ) : B — @n A, such that 6,01 =

V.-

Proof. Define ¢ : B — [], An by ¥(b) = [[,, ¥n(b). Since ¥, = ¢pn © Yny1,
P(b) € imn A,,. This map is clearly structure-preserving, and unique since it is
determined by its projections. O

Definition 1.29. Let I < R. The I-adic completion of R is the ring R =
@n Iﬁ where the transition maps R/I"*t! — R/I™ are the natural projections.

By the universal property, there is a natural map ¢ : R — R, constructed from
the quotient maps. Then R is I-adically complete if ¢ is an isomorphism.



Let O be the valuation ring of K, and th its maximal ideal.
Proposition 1.30. Let m € m (that is, |7| < 1). Then

(i) Ok is (7)-adically complete; that is,
A o~ . @K
Ok —— lim (m)"

n

(ii) Fiz a set A C Ok of coset representatives of O /(r). Every z € Ok
can be written uniquely as a Taylor series x = Z?io a;m", where a; € A;
conversely, every such series Zfio a;m" converges in Ok .

Proof.

(i) If z € keri, then v(x) > nv(nw) for all n € N, so = 0. Hence ¢ is injective.

Fix (z,) € Jim Ok /(m)". By definition, x,, = #,41 mod 7", so

v(Tp — Tpt1) = no(m).

By the ultrametric inequality, (z,) is Cauchy; by completeness, x,, con-
verges to some x € Ok. Then i(x) = (z,), so ¢ is surjective.
(ii) Exercise.
O
Note that this result does not extend to non-principal ideals. In particular, if
K is not discretely valued, then it is not necessarily m-adically complete.

Corollary 1.31. Let K, © and A as before. Then every x € K can be writ-
ten uniquely as a Laurent series © = Efiik a;mt, where k € N and a; € A;

conversely, every such series Y .o, a;w" converges in K.

Proof. Fix 0 # z € K. For large enough k € N, have v(r*z) = kv(m)+v(z) > 0.
Done by the previous proposition. O

We want to view the algebraic structure of K in terms of that of K.

Proposition 1.32.

Proof. Consider the natural map ¢ : Og — @K/rﬁ. Then z € kerp iff z €
mN Ok =m, so ¢ descends to an injective map ¢ : Ox /m — Ok /.

It remains to show this map is surjective. Indeed, take = € @K. Since Ok is
dense and m + z is open (as it is a ball), there is some y € O Nm + x. Then
Y(y+m) =z +m. O



When K is discretely valued, m™ = {& € Ok | v(z) > n} is also a ball, so the
proof above also gives isomorphisms

Ox ~ Ok
m”® oy, mn
via the natural map.
These results allow us to describe the structure of K very explicitly.

Corollary 1.33. Suppose K is discretely valued, and let 1 € Ok be a uni-
formiser. Then

()

(ii) Fiz a set A C O of coset representatives of Ok /(). Then every z € K

can be written uniquely as a Laurent series x =Y > , a;w", where k € N

and a; € A; conversely, every such series Z;’i_k a; ™ converges in K.
Further, k=0 iff x € Ok, and the series is finite iff x € K.

Proof.

(i) The isomorphisms v, given above commute with the transition maps.
We are done by the universal property of the inverse limit and m-adic
completeness of Ok.

(ii) Follows from part (i) and the previous corollary.

Example 1.34. 7, = m Zpy] ()" Ly -
In the case of Q,, we can go further.
Proposition 1.35. Z, is the closure of Z in Q,.

Proof. By the above, it suffices to show Z is dense in Z(,), as then Z is dense
in Z,. Indeed, let ¢ € Z,) (so b # 0 mod p). For n € N, we can choose y,, € Z

a

such that by, = a mod p". Then y, — 3 as n — oo. O

Corollary 1.36.
(i) Z, = m Z/p"Z
(ii) Every element x € Q, can be written uniquely as a Laurent series in p

with coefficients in {0,1,...,p—1}: =32, a;p'.

Proof. Since Z is dense in Z;), the natural inclusion gives isomorphisms Z /p" 7 =
Z(py /D" Lpy- For the Laurent series coefficients, we have Z/pZ = F, so {0, ..., p—
1} is a set of coset representatives of Zj,/pZ,. O

Example 1.37. In Q,, ﬁ =14p+p>+...

10



2 Complete Valued Fields

In this section, let (K, |-|) be a complete discretely-valued field with uniformiser
7, and let v be the associated normalised valuation.

Fix z € O and let n = v(x) > 0. Then z = 0 mod 7", but x # 0 mod 7" *1.
In particular, z = 0 mod 7% <= v(z) > k.

2.1 Hensel’s lemma

Theorem 2.1 (Hensel’s lemma, version 1). Let f € Ok[X], and suppose that
there is some a € O such that |f(a)| < |f'(a)|?. Then there is a unique z € Ok
such that f(x) =0 and |z — a| < |f'(a)].

Proof. Set r = v(f’(a)); then the hypothesis implies that v(f(a)) > 2r; in
particular, f(a) =0 mod 72" +1.
We will construct a sequence (z,,) in Ok such that
(i) f(x,) =0 mod 7"+2"
(ii) Zn = Tpy1 mod 7"
Set z1 = a; then f(z1) = 0 mod 712"
Suppose we have constructed 1, . .., 2, satisfying (i) and (ii). Define
fzn)
f'(xn

= f'(x1) # Omod 7" and f'(z,) =
r, and so v(Tp41 — Xn) = v(c) >N+ T

—~

Tyl = Tp — =X, +cC.

~—

Since x, = x1 mod 7”1, have f'(x,)
f'(z1) = 0mod «". Hence v(f'(z,)) =
by (i). Hence (ii) holds.

Now, expanding f(X +Y) in powers of Y, we get

_ / 1 oL
FOXEY) = S0+ SOV 4 3OV = 3 0™

Therefore

f(xn—l-l) = f(xn + C) = f(xn) + f/(xn)c+02y where Y€ Ok.
0
Hence

v(f(Zns1)) = 20(c) +v(y) =2 n+r+1.
——
>n+r >0

Thus (i) holds.

By (ii), (z,) is Cauchy; let x,, — = € Ok (as Ok is closed). By (i), f(z) =
lim,, o f(7,) = 0. Moreover, (i) implies that a = z; = z,, mod 7'*", so
in fact @ = 2 mod 7", By definition of 7, we then have |x — a| < |f/(a)],
proving existence. By the argument establishing (i), we also have v(f'(z)) =

r=uv(f'(a)).



For uniqueness, suppose x’ also satisfies f(z') = 0 and |2' — a| < |f’(a)|. Set
§ = ' —x # 0. By the ultrametric inequality, |0| = |(z —a) — (2’ —a)| < |f'(a)|.
But then also

0= f(z+9) :@+5f'(m) + 6%y where y € O,
0

so f'(x) = —0y. Hence |f'(a)] = [f'(z)| < [0].% =

The proof method can be viewed as a non-Archimedean analogue of the Newton-
Raphson iteration method for finding real roots of functions.

Corollary 2.2. Let f € Og[X], and let ¢ € k = Ok /m be a simple root
of f(X) = f(X)modm € k[X]. Then Iz € Ok such that f(x) = 0 and
x = ¢ mod m.

Proof. Apply Hensel’s Lemma to a lift ¢ € Ok of ¢. Indeed, f(c) mod m =
f(e) =0 but f'(c) modm = f'(¢) # 0. Then |f(c)] < 1=|f"(c). O

Example 2.3. f(X) = X? — 2 has a simple root mod 7. Therefore there is
some (unique) V2 € Zr.

7)27)* p>2

Corollary 2.4. QX X2 o (

Proof.

p > 2: Let b € ZF. Applying the previous corollary to f(X) = X? — b,

which has simple roots, find that b € (ZX)> <= b € (F))?>. Therefore
~ 2 _

7y =Fy/(F))? =Z/2Z.

Now, we have an isomorphism Z x Z = Q) by (u,n) — up". This isomorphism

yields the desired result.

p = 2: Let b € Z3, and again consider f(X) = X2 —b. This time, f/(X) =
0 mod 2, so f has no simple roots mod 2. We consider instead congruences
modulo 8.

Indeed, 3, 5 and 7 are not squares mod 8, but 1 is. Conversely, suppose b =
1 mod 8. Then |f(1)]2 <273 < |f/(1)|3 =272, so we can apply Hensel’s lemma
to get a root € Zy of f. Therefore b € (Z))? <= b = 1mod8. Hence
75 J(Z5)?* = (Z/8Z)*. Using Q) = ZS x Z again, we get the result. O

Theorem 2.5 (Hensel’s lemma, version 2). Let f € Og[X]. Let f € k[X] be
the reduction of f. Suppose that it factors in k[X] as f = gh, with g and h
coprime. Then there is a factorisation f = gh in Og[X] such that g reduces to
G, h reduces to h and deg g = degg.

Proof. Exercise. ]

Corollary 2.6. Suppose f(z) = a, X" + -+ + ag € K[X] is irreducible, with
an # 0. Then |a;| < max(|agl, |an]).

12



Proof. Rescaling by 7—* for k = min; v(a;), we have wlog f € Og[X] with
max; |a;| = 1. It remains to show that max(|ag|,|a,|) = 1, that is, that one of
ap and a, does not lie in m. Indeed, suppose both do; then there is a minimal
0 <r <n with |a,| =1 (i.e., a, ¢ m). But then
fX)=X"(ar +-+a,X"") mod m;
e

this lifts by Hensel’s lemma to a factorisation f = gh in Ok [X] with 0 < degg <
T4 O]

2.2 Teichmiller lifts

Definition 2.7. A ring R of characteristic p > 0 is perfect if the Frobenius
automorphism z — 2P is a bijection; that is, if every element has a p'" root. A
perfect field is a perfect ring that is a field.

Examples 2.8.
1. The finite fields F,» are perfect.
2. ]Fp(tz%“) = Fp(t,t%,tv%, ...) is perfect. This is called the perfection of
Fp (2).

Note that a field k of characteristic p > 0 is perfect iff all its finite extensions
are separable.

Theorem 2.9 (Teichmiiller Lifting). Suppose k = Ok /m is perfect of char p.
Then there is a unique map [-] : k — Ok such that

(i) a = [a] mod m Va € k
(i) [ab] = [a][b] mod m Va,b € k
Moreover, if char K = p then [-] is a ring homomorphism.

Definition 2.10. The element [a] € Ok given by the theorem is called the
Teichmiiller lift of a.

Lemma 2.11. Let 2,y € Ok such that x = y mod mF. Then 2P = yP mod
k+1
mrT

Proof. Let x =y + ur® for some v € Ok. Then
~ (p =~ (p
_ —i(, _k\i _ —i(, ki
P = ;:0 <Z_>y” (ur®) = y? + ;11 (i>yp (um®)".

Since char k = p, we have p € m. Thus each (?)y?~*(ur*)" € m**! (for i > 0),

%

giving the result. O

Proof of Teichmdiller lifting. Fix a € k. For each i > 1, choose a lift y; € Ok of
1 i
ar", and define z; =y .

Claim: (z;) is a Cauchy sequence whose limit © € Ok is independent of the
choice of y;.

13



Indeed, y; =y 1 mod m by construction, so, by the previous lemma,
7 i+1

— P = — i+1
=y =y | =xi41 mod m

a
Now suppose (z}) arises from some other choice of y; lifting to a». By the same
argument, z; — 2’ € Og. Now, consider the sequence (z]) whose even terms
are x; and whose odd terms are ;. This sequence is also given by a choice of

1 .
lifts of a®i, so zf — 2”. Since the even and odd terms of (z}') converge to x

and z’, respectively, in fact £ = 2” = 2. Hence the limit is independent of the
choice of y;.

Set [a] = 2. Then
i NP
x; =yP = (av"') =amod m
so z = a mod m. This shows (i).

Now let b € K have [b] defined via lifts u; of b#, with b = lim; 2;, where z; = u? "
Then u;y; is a lift of (ab)?’, so
[ab] = lim z;z; = lim z; lim z; = [2;][z].
1— 00 1— 00 1— 00
This shows (ii).
It remains to show uniqueness. Indeed, let ¢ : k — O satisfy (i) and (ii). For
a N
a €k, p(ar”) is a lift of a»” by (i). Hence, by (ii),

[a] = lim ¢ (aﬁy)i = lim ¢(a) = ¢(a).

i—00 i—00
Now suppose char K = p. Then y; + u; is a lift of aﬁ + bﬁ =(a+ b)pi Then
l[a+b] = _lim (yi +u)? = _llm (y7 +uf) = lim(z; + z;) = [a] + [0].
Taking constant lifts, [0] = 0 and [1] = 1. Hence [-] is a homomorphism. O

Example 2.12. Let K = Q,; then [| : F, — Z,. Let a € [F; then [a]P~1 =
[P~ =[1] =1, so [a] is a (p — 1)*® root of unity.

We can generalise:

Lemma 2.13. Suppose k C F,, (the algebraic closure of F,) and fix a € k*.
Then [a] € O is a Toot of unity.

. Lo n_
Proof. By assumption, a lies in some I}, so a? ! = 1. Hence

"~ = [ = 1] = 1.

Theorem 2.14. Suppose k is perfect and char K = p > 0. Then K = k(t).

14



Proof. Since chark | char K, we have chark = p also. Hence [] is a ring
homomorphism, so the map ¢ : k(t) — K by o(3; ait’) = > ,[a;]7" is also a
ring homomorphism. Since such series are exactly the elements of K, ¢ is a
bijection, and hence an isomorphism. O

2.3 Extensions of complete valued fields
Theorem 2.15. Let L/K be a finite extension of degree n.

(i) | - | extends uniquely (up to equivalence) to an absolute value | - |, on L
given by |z = [Np, g (z)|/".

(ii) (L,|-|L) is complete.

Recall that Ny, is multiplicative, and that Np k() is some +af, where ag is
the constant term of m;. In particular, Ny k() =0 = x =0.

Definition 2.16. Let (K, |- |) be a non-Archimedean valued field, and V a
K-vector space. A norm on V is a function || - || : V' — Rx( satisfying

(i) ||lz]| =0 <= x=0.
(ii) [|Az|| = |A|||z| for z € V and A € K.
(iii) [lz + yll < max{{lz, [ly[|}-

Example 2.17. If V is finite-dimensional over k and {e;} is a basis, then the
sup norm || - ||sup on V' is given by ||z||sup = max; |z;|, where x = ), x;e;. This
is indeed a norm.

The norm || - ||sup depends on the choice of basis {e;}, but, as we will see soon,
all norms end up being essentially the same anyway.

Definition 2.18. Two norms ||-||; and ||-||2 are equivalent if there are constants
¢,d > 0 such that, for all z € V, ¢||z||; < ||z|]2 < ||z]1.

A norm on V induces a metric by ||z — y||, and thus a topology; equivalent
norms induce the same topology on V.

Proposition 2.19. Let (K,|-|) be a complete non-Archimedean valued field,

and let V' be a vector space over K. Then V is complete wrt || - || sup-

Proof. Let (v;) be a Cauchy sequence in v. Write v; = Zj x;je;; for each j,

the sequence (z;;); in K is Cauchy, by definition. Let z;; —— z; € K by
71— 00

completeness; then v; — Zj zje;. O

Theorem 2.20. Let (K, |- |) be a complete non-Archimedean valued field, and

let V' be a vector space over K. Then any two norms on V are equivalent. In
particular, V' is complete wrt any norm.

Proof. Fix a basis {e;} of V for the sup norm, and take any norm || - || on V. It
suffices to show || - || is equivalent to || - ||sup-

Set D = max; ||e;||; then, for x =), x;e;, we have

Jall < max e < Dwmax 2] = Dl

15



To find C, proceed by induction on n = dim V. For n = 1, have

]l = fzalllexll = llzllsupllexl;
so take C' = ||eq]].
For n > 1, consider V; = (e1,...,€;_1,€i41,-.,€n). By induction, each V; is
complete wrt || - ||, and hence each V; is closed in V' (wrt || - ||). Then S =

U;(e;i +V;) is a closed set not containing 0, so its complement contains some
open ball B(0,C) (C > 0). Fixing 0 # = € V, suppose |z;| = max; ||z;|, so
that ||z||sup = |z;|. Then also x/z; € (e; +V;) C S, so ||z/z;|| > C, and so
lz]| > C||x||sup. Completeness follows since V' is complete wrt the sup norm. [

Proof of Theorem[2.15

(i) Consider extensions |-|;, and |-|7, of || to K. Viewing L as a K-vector space,
these extensions are norms. By the previous proposition, therefore, they
are equivalent as norms, and so equivalent as absolute values. Therefore
|| =11 since the absolute values agree on K, we must have ¢ = 1
andso || =|]}.

Since Ny, /k(x) = 2™ for x € K, we do indeed have that |- |, extends |- |
on K.

It remains to show |- |, is indeed a norm. Since Ny k(7)) =0 = = =0,

and Ny g is multiplicative, conditions (i) and (ii) are easily satisfied by

[z

To show condition (iii), we need some preparation.

O

Definition 2.21. Let R < S be rings. s € S is integral over R if s is a root
of some monic polynomial in R[X].
The integral closure of R in S is the set R™(5) = {5 € S| s integral over R}.
We say R is integrally closed in S if R™S = R.

Proposition 2.22. R < S, and moreover R"™* is integrally closed in S.
Proof. Example sheet. O

Lemma 2.23. Let (K,|-|) be a non-Archimedean valued field. Then Ok is
integrally closed in K.

Proof. Let x € K be integral over O, and suppose (wlog) that x # 0. Take
ag,...,an_1 € Ok such that

X" +an71Xn_1 +"'+a0;

so that

1 n

= —Qp_1T =~ — - —agxr .
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If |z| > 1, then, since |a;| < 1,

|£E| = ‘ - an—1$71 — s — a0x7"| < 1.#
Hence |z| < 1, that is, z € Ok. O
Lemma 2.24. Op :={y € L | |y|r < 1} is the integral closure of Ok in L.
Proof. Let 0 #y € L, and let f(X) = X9+ aq_1 X'+ +ay € K[X] be its
minimal polynomial over K.
Claim: y is integral over K iff f € Og[X].

If f € Ok[X], then clearly y is integral over Of. Conversely, suppose that there
is some (nonzero) monic polynomial g € Ok [X] with g(y) = 0. Then f | g, and
so every root of f is a root of g. Since roots of g are integral over K, all roots
of f (in some algebraic closure) are integral over K. By Vieta’s formulae, the
coefficients a; are integral over Of; since Ok is integrally closed in K, the q;
in fact lie in Og. This proves the claim.

Now, |a;| < max{|ao|, 1}, and Nk (y) = £ai’ € Ok, so we have
yeOp <= Ny k()| <1 <= Jag| <1 <= |a;| £1Vi <= f € Og[X].

We are then done by the claim. O

Proof of Theorem[2.15, cont.
(i) It remains to show property (iii) of the absolute value. Indeed, let z,y € L,
<1, so § € Or. By the

and suppose (wlog) that |z|r < |y|r. Then ‘i
last lemma, Op, is a ring, so 1 + i € Or. Hence

X
‘1+‘ <1 — |z+y| < |yl < max{e, y}.
Yy

(ii) Again viewing L as a K-vector space, it is complete wrt any norm, and
absolute values on L are norms.

O
Corollary 2.25. Let L/K be finite. Then L is discretely valued wrt | -|r.

Proof. Let n = [L : K|. Let v be a valuation on K, and let vy, be the unique
valuation on L extending v. For y € L*, we have vy (y) = 1v(Ny/k(y)) by
definition, so vy (LX) C Lu(K™). Since v is discrete, so is vy, O

Corollary 2.26. Let I?LK be an algebraic closure. Then |-| extends to a unique
absolute value | - |z on K.

Proof. Let x € K; then 2 € L for some finite subextension L/K. Then define
||z == |z|r. Thisis well-defined: if x € Landx € L', then |z|;, = |z| 1 = |2[1
by uniqueness of extension in LL'/K. Similarly, |z|% is an absolute value.
Uniqueness also follows by uniqueness on finite extensions. O
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Note that, since K has extensions of arbitrarily large degree, | - | cannot be
discrete.

Example 2.27. Let K = Q,; then /p € Q, for each n € N. Then v({/p) =

vp(p) _ 1
n  n’

Note that Q,, is not complete wrt this valuation (see ES2). On ES2, we will also
see that its completion C, is also algebraically closed. This field is isomorphic
to C as a field, but not as a topological space.

Proposition 2.28. Let L/K be a finite extension. Suppose that
(i) Ok is compact.
(ii) The extension ki /k of residue fields is finite and separable.
Then there is some a € Of, such that O, = Ok]lal.
We will see later that, in fact, (i) = (7).
Proof. By PET, write kr, = k(@). Let a € Of, be a lift of @ and g € Og[X]

a monic lift of the minimal polynomial of @. On L, let vy, be the normalised
valuation on L, and fix a uniformiser 7.

Since g € k[X] is irreducible and separable, it has simple roots: that is, g(a) =
0 mod 7r,, but ¢’(«) £ 0 mod 7p,.

Suppose g(a) = 0 mod 7%. Expanding about «,

gla+71) = g(a) +7rg mod 72,
~~
0
SO
vr(g(a+ 7)) = vi(rrg'(a) = vp(mp) = 1.

Hence either v (g(a)) = 1 or v (g9(aw+ 7)) = 1. Since both of these are lifts of
@, assume wlog that vy (g(a)) = 1.

Set 8 = g(a) € Okla]; this is a uniformiser for K.
Let m = [K () : K], and define a map

or 5L

(x07 cee 71'77,71) — inai
7

Ok is compact and ¢ is continuous (since field operations are), so im ¢ = O[]
is compact, and hence closed, in L.

Since k1, = k(@), take a set A C Ok[a] of coset representatives for the residue
field kr, = Or/(B). Let y € O, and write y = Y ;2 A, for \; € A. Since the
partial sums lie in the closed set Ok [a], so does their limit y. O

18



3 Local fields

Let X be a topological space. We say X is locally compact if every point
2 € X has a neighbourhood U contained in a compact set Z (so z € U C Z C
X).

Definition 3.1. Let (K, |- |) be a valued field. Then K is a local field if it is
complete and locally compact.

Example 3.2. R and C are local fields.

3.1 Basic properties

Proposition 3.3. Let (K,|-|) be a non-Archimedean valued field. TFAE:
1. K s locally compact.
2. Ok is compact.

8. v is discrete and k is finite.

Proof.
(1) = (i3): Let U be a compact neighbourhood of 0; since U contains an
open ball, any x € Ok with small enough absolute value has Ok C U. Since
QO is closed, it is compact. But zOg 3—1» Ok, so O is also compact.

1.

(1) = (i4i): Let x € m and let A, C Ok be a set of coset representatives for
k = Og/(x). Then
Ok = || y+ ()

YEAL

is a disjoint open cover for Ok, so A, must be finite by compactness. Hence k
is finite.

Now, suppose v is not discrete; find a sequence (z,) in Ok such that v(z;) >
v(zz) > v(xg) > -+ > 0. Then (z) C (z2) € -+ € Ok, so (by correspondence)

we have found infinitely many ideals in the finite field k.4

(ii1) = (i): Let (x,) be a sequence in Ok, and fix a uniformiser 7 € Ok.
Since each factor (m)"/(m)"*! = k is finite, cach quotient Ok /(7)" is finite by
induction. Hence each (z, mod 7*) can only take finitely many values.

Now, find a subsequence (z1,) of (z,) such that 1, = a1 mod 7 for some
a; € Ok/(m); inductively construct nested subsequences (z;,) with x;, =
a; mod 7 for some a; € Ok /(7)'. a; = a;+1 mod w'. Then z; ; = a; mod 7 and
Tii = Tit1,i+1 mod 7 (since the sequences are nested). By completeness (and
the ultrametric inequality), have z,, ,, = © € Og. Thus Ok is a sequentially

compact metrisable space, and thus compact. O

Examples 3.4. Q, and F,(t) are local fields.

Definition 3.5. Let (A,) be a sequence of finite sets, with transition maps.
The profinite topology on A = @n A, is the weakest topology on A such
that the projections A — A, are continuous, where A, is given the discrete
topology.
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A with the profinite topology is compact, Hausdorff and totally disconnected.

Proposition 3.6. Let K be a non-Archimedean local field with uniformiser
m. Under the isomorphism Oy = @n Ok /(m)™, the standard topology on Ok
agrees with the profinite topology.

Proof. Claim: B={a+ (7)" |n €N, a € Ok} is a basis for both topologies.

The claim is obvious for the topology from | - |; for the profinite topology,
observe that the n'® projection O — O /()™ is continuous iff each a + (m)"
is open. O

Lemma 3.7. Let K be a non-Archimedean local field, and let L/K be a finite
extension. Then L is also a local field.

Proof. We showed in the last section that L is complete and discretely valued.
It therefore suffices to show that k;, = O /mQy, is finite.

Indeed, let (a1, ..., ay) be a K-basis for L. Since |- | is equivalent to || - ||lsup
as a K-norm on L, there is some r > 0 such that

Op C{z e L|||z|lsup <7}

Take a € K such that |a| > r; then

Or C é ao; Ok,

i=1

so, since Ok is Noetherian, Oy, is a finitely generated Og-module. Taking a
quotient by m, k, is a finitely-generated k-module; since k is finite, so must be
kr. O

3.2 Classification

Local fields can be classified; this classification needs the following definition.

Definition 3.8. A non-Archimedean valued field (K, |- |) has equal charac-
teristic if char K = char k; otherwise, K has mixed characteristic.

Example 3.9. Q, has mixed characteristic (0 and p), but F,(¢) has equal
characteristic p > 0.

Note that, since k is finite, we have char k > 0, and so equal characteristic fields
have char K > 0.

Theorem 3.10. Let K be a non-Archimedean local field of equal characteristic
P > 0. Then K = Fpn (]t[)

Proof. K is a complete, discretely valued field of positive characteristic; more-
over k is finite and hence perfect. Then K = F,»(t) via the representation of
elements of K as Laurent series with coefficients in k. Indeed, set the coset
representatives to be the Teichmiiller lifts; then the lifting map & — Ok is a
ring homomorphism. O
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Lemma 3.11. An absolute value |- | on a field K is non-Archimedean iff {|n| |
n € Z} is bounded.

Proof. Suppose | - | is non-Archimedean. Since | — n| = |n|, it suffices to show
|n| is bounded on N; then

nf =1+ + 1] <[1].

Conversely, suppose |n| < B for n € Z, and let z,y € K with |z| < |y|. Then

Z <i)xzym—z < Z (i)xzym—l
1=0

=0
so |z +y| < |y|(B(m+ 1)) — |y|. Thus the ultrametric inequality holds. [J

|z +y|" = <|y/™B(m+1),

Theorem 3.12 (Ostrowski). Any nontrivial absolute value on Q is equivalent
to either | - | o7 |- |p for some prime p.

Proof. Fix a nontrivial absolute value | - | on Q.

Archimedean case: Find b € Z with |b] > 1. Let a > 1 be an integer, and
expand 0" (uniquely) in base a as

b = cppa™ + -+ + coa® for ¢; € {0,...,a — 1} and ¢,,, # 0.
Let B = max; |¢;|; then
[b]" < (m + 1)Bmax{|a|™,1}.
Taking n*® roots, and using the fact that a™ < b", so m < nlog, b, have

|b] < [(n(log, b) + 1)B]* max{|a[°8«®,1}.

1

n— oo

Therefore |b| < max{|a['°®? 1}; then |a| < 1 and |b| < |a['°®«®. Swapping a

and b, also get |a| < [b['°®» @, From these we get % = %, and so, setting
A= lloogglg‘, we get |a| = a* for all @ > 1. Hence |z| = |z|, for all x € Q.

Non-Archimedean case: For n € Z, |n| < 1; find n € Z with n < 1. Let
n = pi'...pc" be the prime factorisation of n. Then some p € {p1,...,p,} has
|p| < 1. Suppose that also |g| < 1 for some prime ¢ # p. Find r, s € Z such that
1 =7p + sq; then

1 = |rp+ sq| < max{|rp|,|sq|} < 1.4

Thus |g| = 1 for all primes ¢ # p. Let |p| = a < 1; then |z| = a*»®) so |- | is
equivalent to | - |p. O

Theorem 3.13. Let (K, |-|) be a non-Archimedean local field of mized charac-
teristic. Then K is a finite extension of Q, for some prime p.
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Proof. Since chark | char K, K must have characteristic 0. Hence K is an
extension of Q.

Since |- | is non-Archimedean, the absolute value restricted to Q is equivalent to
some | - |,. Since K is complete, it is in fact an extension of Q,; it now suffices
to show Ok is finite as a Z,-module.

Indeed, let m € Ok be a uniformiser, and v a normalised valuation on K. Set
v(p) = e. Then I = Ok/(p) = Ok/(m)¢ is finite since k = Ok /(7) is; since
F, =2Z,/pZ, <> O /(p) =1, the field [ is a fd F,-vector space.

Let z1,...,z, € Ok be coset representatives for a IF,-basis for [. Then

A= Zajxj a; €{0,...,p—1}

J=1
is a set of coset representatives for .

Let y € Ok; expanding in powers of p with coefficients in A, we have

oo n n oo
=3 (e ) =3 ( aijpz>
i=0 \ j=0 j=0 \i=0
€z,
so {x1,...x,} generate Ok as a Z,-module.
Hence K is a finite extension of Q. O

Theorem 3.14. Let (K,|-|) be a complete Archimedean field. Then K =R or
C with the standard absolute value.

Proof. Example sheet. O

In summary, if K is a local field, then one of the following holds:
(i) K 2R or C (Archimedean).
(ii) K = Fpn(t) (non-Archimedean equal characteristic).

(iii) K is a finite extension of Q, (non-Archimedean mixed characteristic).

3.3 Global fields

Definition 3.15. A global field is a field which is one of
(i) An algebraic number field (a finite extension of Q).
(ii) A global function field (a finite extension of Fp(t)).

Lemma 3.16. Let (K,|-|) be a complete discretely valued field, and let L/ K
be a (finite) Galois extension with (unique) absolute value | - | extending | - |.
Fiz x € L and o € Gal(L/K). Then |o(z)|r = |z|L-

Proof. © — |ox|y, is an absolute value on L extending | - |. Done by uniqueness.
O
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Lemma 3.17 (Krasner). Let (K,|-|) be a complete discretely valued field, and
let f € K[X] be a separable irreducible polynomial with roots av, . .., o, € K5P,
the separable closure of K. Suppose 8 € K*° satisfies |0 — a1| < |8 — ay| for
i=2,...,n. Then K(a1) C K(5).

Proof. Let L = K(8) and L' = L(a,...,a,). Then L'/L is Galois as it is the
splitting field of a separable polynomial. Let o € Gal(L’/L). We have

B —oai| =o(B—ai)| =B — ail,
so o fixes aq, and so

ay € L/Gal(L//L) — I = K(B)

This lets us show that ‘nearby’ polynomials define the same extension:

Proposition 3.18. Let (K,|-|) be a complete discretely valued field, and let
F(X) =37 ja; X" € Og[X] be a separable irreducible monic polynomial with
roots as,...,a, € K°P. Then there is some € > 0 such that, for any monic
g(X) =31 b X' € Og[X] with |a; — b;| < &, there is a root 3 of g such that
K(ar) = K(9).

Proof. By continuity, choose € small enough that

lg(ar)| < |f' ()| and [ f'(a1) = g'(an)] < |f'(a)]
for all sufficiently close g.

Fix such a g; then, since triangles are isosceles,

lg(an)| < |f'(en)|* = |g'(an)[*.

Applying Hensel’s lemma to the field K () at aq, there is some 8 € K(aq)
such that g(8) = 0 and |8 — a1| < |¢'(a1)].

Since the «; are integral, each |ay — ;| < 1, and so

n

lg' (1) = |f'(an)| = H lop — ;| <Jog — o] for i =2,...,n.
i=2

By Krasner’s lemma, also a1 € K(8), so K(8) = K(«ay). O

Theorem 3.19. Let K be a local field. Then K is the completion of a global
field.

Proof.
Case 1: Archimedean.

R and C are completions of Q and Q(i) (wrt |- |o ), respectively.

Case 2: equal characteristic non-Archimedean.
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F,(t) is the completion of Fy(t) wrt the t-adic absolute value.
Case 3: mixed characteristic non-Archimedean.

Note char K = 0. By PET, write K = Q,(a), where a is a root of a monic
irreducible polynomial f € Z,[X]. Since Z is dense in Z,, choose g € Z[X] as in
the last proposition. Then K = Q,(8), where (5 is a root of g. But then Q(3)
is dense in K, so K is the p-adic completion of Q(f3). O

4 Dedekind domains

Definition 4.1. A ring R is a Dedekind domain if
(i) R is a Noetherian integral domain.
(ii) R is integrally closed (in Frac R).

(iii) Every nonzero prime ideal of R is maximal.

Example 4.2. The ring of integers of a number field is a Dedekind domain,
as we will see later. Any PID is a Dedekind domain, and so any DVR is a
Dedekind domain.

4.1 Basic properties

Theorem 4.3. A ring is a DVR iff it is a local Dedekind domain.

Lemma 4.4. Let R be a Noetherian ring, and let 0 # I < R. Then there are
nonzero primes pi,...,pr < R such that p1...p, C 1.

Proof. Suppose not. Since R is Noetherian, there is a maximal counterexample
I. Since I cannot be prime, choose x,y ¢ I such that zy € I. Then

ICI+(z)=Land I C I+ (x):=1I.

By maximality of I, find primes p1,...,9r,q1,-..,9s I Rsuchthatp;...p, C 1
and q1...9s - IQ- But then

P qs Chlh =14+ (2y) =14
O

Lemma 4.5. Let R be an integral domain which is integrally closed in its frac-
tion field K, and let 0 # I < R be finitely generated. If x € K satisfies I C I,
then in fact x € R.

Proof. Let I = (c1,...,¢y,). It suffices to show z is integral over R.

Write I 3 zc¢; = Zj a;jc; for some a;; € R, and set B = 2 — A € M, (K).
Then Bc = 0 in K", so, multiplying by the adjugate, det Bc = 0. Since R
is an integral domain, det B = 0. But det B is a monic polynomial in x with
coefficients in R. O
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Proof of theorem.
A DVR is clearly both a local ring and a Dedekind domain (as it is a PID).

Conversely, let R be a local Dedekind domain with unique maximal ideal m.
Since we already know R is local, it suffices to show it is a PID.

Step 1: m is principal.

Let 0 # x € m. Then (z) 2 m” for some n > 1; let n be minimal, and choose
yem" 1\ (z). Set m = x/y € Frac R; then we have

ym Cm" C ('75)’

som 'm C R. If 7~'m C m, then, by the last lemma, 7~! € R, andsoy € (x).4
Hence 7~!'m = R, and so m = () is principal. Note that this means 7 € R.

Step 2: R is a PID. Let 0 ## I < R be prime, and consider the ascending
chain
ICa ' ICr?[C.- CFracR.

Since 77! ¢ R, each inclusion is strict (otherwise 7711 = I4). Since R is
Noetherian, there is some n such that 7=+ 1 ¢ R.

If 771 C m = (7), then 7=+ C R.4 Hence "I = R, and so I = (7") is
principal. O

We can view DVRs as localisations of Dedekind domains. Localisations are
covered in more generality and detail in Commutative Algebra.

Definition 4.6. Let R be an integral domain, and let S C R be a multiplicative
subset (1 € S and z,y € S = zy € S) not containing zero. Then the
localisation S~'R of R wrt S is the ring

sr={"

S

T’GR,SES} < Frac R.

If p < R is prime, write R, for the localisation of R wrt R\ p.

Examples 4.7. p =0 = R, = FracR. If R = 7Z, then Z,y = {a/b € Q |
(b,p) = 1}.

Localisations (of integral domains) are integral domains; if R is Noetherian,
then all localisations of R are Noetherian. There is also a bijection

{prime ideals of A disjoint from S} +— {prime ideals of S~ A}
p—pSTTR=5"1p
qnA<+—aq.

Corollary 4.8. Let R be a Dedekind domain, and let 0 # p < R be prime.
Then Ry, is a DVR.
Proof. R, is a Noetherian integral domain.

Since prime ideals of R are maximal, the only prime ideal of R disjoint from
R\ p is p itself. By the bijection, the only prime (and hence the only maximal)
ideal of Ry is pR,. In particular, R, is local.
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By the theorem, it now suffices to show that R, is integrally closed in Frac R =
Frac R,. Fix an integral element = € Frac R, satisfying the monic polynomial
f € Ry[X]. Clearing the common denominator s ¢ p of f, we get the relation

ST+ by_12™ L+ .. byxy + by = 0 for some b; € R.
Multiplying by s”~!, we get
(82)™ + 8bp_1(s2)" "1 4+ -+ 4 8"bg = 0,
so sz is integral over R, and so sz € R. Hence x € R,,. O
We showed earlier that DVRs yield valuations on their fraction fields, so this
corollary allows us to define valuations directly from primes.

Definition 4.9. Let R be a Dedekind domain, and let 0 # p < R be prime.
Write v, for the normalised valuation on K := Frac R = Frac R, that has
valuation ring R,.

Example 4.10. Let R = Z and p = (p). Then v, is just the p-adic valuation
vp, with valuation ring Z ).

Let K, be the completion with respect to vy, and let Ok, be its valuation
ring.

Theorem 4.11. Let R be a Dedekind domain and 0 # I < R. Then I can be
written uniquely as a product of prime ideals in R:

I =p{"...p5" with the p; distinct.

The proof requires properties of localisations which will not be proved here; see
the Commutative Algebra course.

Proof sketch. We quote the facts
(i) Foraring Rand I,J < R, have I = J iff IR, = JR,, for all primes p < R.
(ii) Suppose R is a Dedekind domain, and pq,ps < R are nonzero primes.

Then
R
O fpz :
peRp,)  P1 =P

We have shown that I contains a product of primes; write
P plrC
for distinct primes p; < R.
If p ¢ {p;} is some other nonzero prime ideal, then, by fact (ii), we have
IR, D pP . . p* R, = R,.
Also, since localisations are DVRs, we have
IR(PL) = (piR(Pi))ai = p?LRPz
——

m
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for some 0 < ; < B;. By fact (i), we then have the equality I = p{* ...por.

: T
Since this factorisation is determined by the value of IR, at each prime p < R,
it must be unique, by unique factorisation in DVRs. O

Proposition 4.12.
(i) Ox, =lm_R/p"
(ii) Any 7 € p\ p? is a uniformiser of Ok, -

(i11) Let A C R be a set of coset representatives of R/p. Every element x € K,
can be written uniquely as a Laurent series in w with coefficients in A:

oo
xr = ;7.

i=—k

Proof. We saw earlier that Z is dense in its valuation ring Z,) wrt v,. The
same proof shows R is dense in its valuation ring R, (wrt vp). Indeed, for y ¢ p,
(y) +p™ = R, so y has an inverse mod p™.

Now, pR, is the unique maximal ideal of R, and pR, N R = p. Further, any
7 € p\ p? has vp(7) = 1. We are done by the argument in the Z, case, with 7
in place of p. O

4.2 Extensions of Dedekind domains

Let L/K be a finite extension of fields. For x € L, recall that the trace Try,x (z)
of x is the trace of multiplication by x, as a K-linear map.

If L/K is separable of degree n and o1, ...0, : L — K denote the n (algebraic)
embeddings of L into an algebraic closure of K, then

TI‘L/K<.’E) = Z(J'l(l‘)

Lemma 4.13. Let L/K be a finite separable extension of fields. Then the
symmetric bilinear form (z,y) — Try,x (zy) on L is nondegenerate.

This bilinear form is called the trace form. In fact, we will show on the example
sheet that the converse is true: if the trace form is nondegenerate, then L/K is
separable.

Proof. Let n = [L : K|. By PET, let L = K(«) for some o € L. Let A be
the matrix of the trace form with respect to the basis {1,q,...,a""'}. Now,
A = BBT, where B;; = 0j(a™!). Then B is a Vandermonde matrix in the
embeddings o, which are distinct by separability, so

det B = H (oia — oj0) # 0.

1<i<j<n

Hence det A = (det B)? # 0. O
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For the rest of this section, let Ok be a Dedekind domain with fraction field K,
and let L/K be a finite separable extension. Let Op, be the integral closure of
OK in L.

Theorem 4.14. Oy, is a Dedekind domain.

Proof. Since Oy, is a subring of the field L, it is an integral domain.

Oy, is Noetherian: Let (eq,...,e,) be a K-basis for L. Clearing denominators
in K, we can assume that e; € Op, for all i. Then let (f1, ..., f,) be the dual basis
wrt the trace form, so that Tre;f; = 6;;. Fix € Op, and write x = >, \i f;
for some \; € K. By construction, Trz/x(we;) = A, so

xr = ZTI‘L/K(I'Cl)fl

i=1

Now, each we; € Op; then Trpx(we;) is a sum of elements in K, each of which
is integral over Of, so Try,/k(we;) € O . Therefore

Or C 10k + ... fnOk.

Since Ok is Noetherian, Oy, is also Noetherian.

Oy, is integrally closed (in its faction field): We have FracOp = L, and
integral closures are integrally closed (exercise).

Every nonzero prime ideal ‘B < O, is maximal: Let p =P N O; this is
a prime ideal of O. Let 0 # x € B < Op; then x satisfies a relation

"+ ap_12" 4 -+ ag = 0 for some a; € Ok

in particular, ag € PN Ok =P, so p # 0.

It remains to show P is maximal. Indeed, we have an inclusion O /p — O /B.
We showed earlier that Oy, is a finitely-generated Ok module; this means O, /B
is a finite-dimensional vector space over Ok /PB. But O /P is also an integral
domain, so it is in fact a field (apply rank-nullity to y — zy). Hence B is
maximal. O

In fact, this theorem holds without the separability assumption, but the proof
is harder.
Corollary 4.15. The ring of integers of a number field is a Dedekind domain.

Suppose that, in fact, Ok is the ring of integers of a number field, and let
p < Ok be a nonzero prime. Set N, = #|Ox /p|; by convention, we normalise

|’|pby o
|'|p::vap :

Lemma 4.16. Let 0 # x € Ox. Then

(@) =[] »™.

0#p

prime
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Proof. By definition, #(Ok), = (p(Ox)p)"»®. The lemma then follows from
the fact that I = J iff I(Ok), = J(Ok), for all primes p. O

Fix a nonzero prime p < Ok. Note that Ok is not necessarily the valuation
ring of K with respect to p — that’s the localisation (Og),. However, this
notation is reasonable as Ok is dense in the valuation ring.

Now, pOr, C O, (this is a general commutative algebra fact). Therefore we can
factor pOr, = P ... P*, with e; > 0 for all ¢; then say P | p if P =P, for
some i. We will show on the example sheet that B | p iff P O pOyp.

Theorem 4.17. Take p as above. The absolute values on L extending |- |, are,
up to equivalence, precisely | - |sp,, ..., | |5, -

Proof. Fix 0 # x € Ok . By the last lemma, vy, (x) = e;vp(x). Hence each |- |q,
does extend | - |, up to equivalence (scaling by ;).

Conversely, suppose | - | is an absolute value on L extending | - |,. Since |- | is
bounded on Z, it is non-Archimedean. Let R < L be the valuation ring for | - |.
Then Og C R; then R is integrally closed in L, so in fact Oy C R. Define

‘D:{xGOL||x|<1}:OLOmR;

then P < Oy, is prime. Note that B is nonzero since 0 # p C L.

Now, (Or)p C R: indeed, if s € O \*B, then |s| = 1. Since (Or)q is a DVR, it
is a maximal subring of its fraction field, so in fact (Or,)p = R. Hence |-| ~ |-|g.

Then, since | - | extends | - |, we have that BN Ok = p, and therefore

P2 PBNOk)OL =90,
that is, P | p. O
Let K be a number field. If 0 : K < C is a (real or) complex embedding, then

x = |o(x)| defines an absolute value on K, denoted | - |,.

Corollary 4.18. Let K be a number field with ring of integers Ok . An absolute
value | - | on K is equivalent to one of the following:

(i) |- |p for some nonzero prime p I Ok.

(ii) |- |o for some embedding o : K — C.

Proof. Suppose | - | is non-Archimedean. Then its restriction to Q is equivalent
to | - |, for some prime p, so, by the last theorem, |-| ~ |- |, for some prime
pl(p)in Ok.

The Archimedean case is an exercise. O
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4.2.1 Completions of extensions

Let p 9 Ok and P < Or, be nonzero primes with P | p. Write K}, and Ly for
the respective completions of K and L wrt |-|, and |-|p. We want to understand
the structure of such completions.

We have towers of extensions Ly /L/K and Ly/K,/K. We therefore have a
natural product map

Wm:L@KKp—>Lq3
L@k — lk

Lemma 4.19.

(i) mp : L ®x Ky — Lo is surjective.

(it) [Lyp : Kp) < [L: KJ.
Proof. Let immyp = M = LK, C Ly. Write L = K(«); then M = K,(«), so
M/K, is finite of degree at most [L : K].
Then M is complete; indeed, it is a finite extension of a complete valued field.
But L € M C L, so in fact M = L. O
Note that the structure of LK, depends on the way L and K, embed into Lsg, so
[Ly : K] can vary with ®B. We will see precisely how in the next section.

Lemma 4.20 (Chinese Remainder Theorem). Let R be a ring, and let I, ..., I, <
R be pairwise comazimal ideas (that is, I; + Ij = R fori # j). Then (\;I; =
[[;7; =1, and

R/T=]] R/I,

Proof. Example sheet. O

Theorem 4.21. The natural map L @ K, — H‘ﬁlp Lss, given componentwise
by products my, is an isomorphism.

Proof. Write L = K(«), and let f € K[X] be the minimal polynomial of «. Over
K,, let f factor into irreducibles fi ... f,, which are distinct by separability.
Then L = K[X]/(f), so

Lok Ky = K[ X]/(f) = HKP[X]/(fi)

by CRT. Set L; := K,[X]/(f:); these are finite extensions of K.
Now, L; contains K, but it also contains (a copy of) L: map
L= K[X]/(f) = Kp[X]/(fi) = L.

Moreover, L is dense in L; since we can approximate elements of K,[X]/(f;)
coefficient-wise by elements of K[X]/(f), since K is dense in K,.

The theorem then follows from the following three claims:
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(i) Li =LKy Ly for some prime divisor *B | p in Of.
(ii) Each divisor 3 appears at most once.
(iii) Each divisor 3 appears at least once.

(i): Since L;/K, is finite, there is a unique absolute value | - | on L; extending
|- |p on K. By the last theorem, |- HL ~ | - |p for some prime P | p. Since L is
dense in L;, which is complete, the absolute values are in fact equivalent on all
Li, SO Li = Lq3.

(ii): Suppose L; = L; are isomorphic by a map preserving L and K,. But we
can view the isomorphism as a map ¢ : K,[X]/(f;) = Ku[X]/(f;) preserving
K,[X], so in fact f; = f;.

(ili): We just showed in a previous lemma that the natural map myp : L& g Ko —
Ly is surjective for any *B | p. Since Ly is a field, myp factors through some Lj;;
by surjectivity, L; = Lep. O

The proof relates the factorisation of a prime p < O in Of, to the factorisation
of the minimal polynomial of a primitive element of L/K in K.

Example 4.22. Let K = Q and L = Q(i); and let f = X2 + 1. Now, f(X) =
(X 4+ 2)(X + 3) mod 5. By Hensel’s lemma, v/—1 € Qs, so f splits in Q5, and
so (5) splits in Og(;) = Z[i].

Corollary 4.23. Let x € L. Then
NL/K(f) = H NL‘JB/KP (x)

PAOL
PBlp

Proof. Fix a prime p of K, and let the primes over it be P, ..., B,; let B; be
a Ky-basis for Ly,. By the last theorem, B = |J; B; is a K-basis for L @ K.
Let mult z be the K-linear map given by multiplication by x.

Let [multz]g (resp. [multz]g,) be the matrix for multx on L ®x K, (resp.
Lqs,) wrt the basis B (resp. B;).

By construction, we can write

[mult z)5,
[mult 2| =

[mult z]g5,.

Since extending the scalars from K to K, doesn’t change det mult z, we get the
result:

Ny k(z) = det[mult 2]z = Hdet[mult Tz = HNL‘m/Kp ().
i=1 i=1
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4.3 Decomposition groups

Let p be a nonzero prime ideal of O, and write pOr, = PI* ... Pe, for distinct
primes B; < Op and e; > 0. Note that p C Ox N*P; € Ok, so, by maximality
of p, we have p =P, N Ok. We showed the converse earlier, so the primes ;
dividing pOy, are exactly those lying over p.

Definition 4.24. Call e¢; the ramification index of J3; over p; say p ramifies
in L if some e; > 1.

Example 4.25. Let Ox = CJt], and Of, = C[T], with O — O by t — T™.
Then tOr, = (T)", so the ramification index of (T") over (¢) is n.

Geometrically, this corresponds to the degree n covering of Riemann surfaces
C — C by z — 2"; this is ramified (as an analytic map) at 0 with index n.

Definition 4.26. f; == [OL/B; : Ok/p] is the residue class degree of ;
over p.

Alternatively, write ey, /,, for e; and fy, /, for f;.

Theorem 4.27.

T

i=1
Proof. We use the following facts about localisation (left as an exercise):
(1) (Or)p is the integral closure of (Ok), in L.
(2) p(OL)p =F7" - BT (OL)p-
(3) (OL)p/Bi(OL)p = OL/Pi, and (Ok)p/p(Ok)p = Ok /p.

In particular, (2) and (3) imply that the e; and f; stay the same after localisation
at p. We may therefore reduce to the case where Ok is a DVR, and hence a
PID.

By CRT, we have
OL/pOL = [[ OL/%Bs".
i=1
We count dimensions of both sides as k = O /p-vector spaces.

RHS: For each i, we have an ascending chain of k-vector spaces
0 <Py < SB/BY < OL/BY

Therefore dimy O /%B;* is the sum of the dimensions of the quotients in the

chain, that is,
€;— 1

dimy O /P = > dimy P /P
j=0
But each quotient &BZ/‘BﬁH is an Op /B;-module, generated by any x € ‘Bf \
P (to see this, localise at B). Hence dimy P /B = f;, and so

dimy, HOL/‘B? = Zezfz
=1

i=1
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LHS: Observe that Oy, is torsion-free. By the structure theorem, Oy is a free
module over Ok of rank n = [L : K|. Hence O1,/pOy, = (k)" as k-modules, and
SO

dimk OL/pOL =n.

This gives the result. O

This theorem has a geometric analogue: the valency theorem for maps of com-
pact Riemann surfaces:
n= Z vy(z).

z€f~ly

In fact, since, by a deep theorem, compact Riemann surfaces arise as algebraic
curves, these theorems generalise to the same thing!

Definition 4.28. Let L/K be an extension of complete discretely valued fields
with normalised valuations vy, and vg and uniformisers 7y, and 7. The ramifi-
cation index e of the extension is e '= e,/ = vL (7K ), so that 1xOp = 77 OL.
The residue class degree is f := f/x = [k : k].

Let B | p. The two definitions of e and f are related: indeed, uniformisers and
residue fields do not change when taking completions, so ey, = er,,/x, and

Fore = fry/x,-

Corollary 4.29. Let L/K be a finite separable extension of complete discretely
valued fields. Then [L: K] = e x fr/K-

Proof. The valuation ring Ok is a DVR (and so a Dedekind domain); it has
integral closure O in L, and this is also a DVR. We can therefore apply the
previous theorem with the unique primes p < Ok and B < Op; we are done by
the above discussion. O

In fact, this holds even when L/K is not separable (see the note after Theorem
1.14).

Suppose further that L/K is Galois. Then, for o € Gal(L/K), have o(;) N
Ok =p, and so o (P;) = P; for some j. Hence Gal(L/K) acts on {1 ..., }.

Proposition 4.30. The action of Gal(L/K) on the B; is transitive.
Proof. Suppose not; then there are some ¢ # j such that o(9;) # B; for all

o € Gal(L/K). By CRT, choose z € Op, such that € P; but = ¢ o(%;) for
all 0 € Gal(L/K).

Then
Nyx(@)= ][] o@) e0xnPi=p2P;;
o€Gal(L/K)
since B, is prime, there is some 7 € Gal(L/K) such that 7(x) € ;. But then
reT P, O
Corollary 4.31. We havee :==e; = ---=¢€, and f = f; = --- = f,.. Hence

we have n = efr.
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Proof. For o € Gal(L/K), we have

pOL =o(p)Or = a(P1)' ... o(B,)-

By transitivity of the action of Gal(L/K) and unique factorisation, the e; are
all equal.

Similarly, o descends to give an isomorphism O, /PB; = O /o(B;), so the f; are
equal (again by transitivity).

Then the last theorem gives n = efr. O
Definition 4.32. The decomposition group at a prime P < Oy is its sta-
biliser Gsp = StabGal(L/K) (B

Let p < Ok be prime, with B,P’ | p. By transitivity of the Galois action, G
and Gy are conjugate.

Proposition 4.33.
(i) Ly /K, is Galois.
(1t) There is a natural restriction map res : Gal(Ly/K,) — Gal(L/K) which
is injective, with image Gyg.
Proof.

(i) Let L be the splitting field of f € K[X]. But then Ly is the splitting field
of f € K,[X], since it is also generated by its roots.

(i) Let o € Gal(Ly/K,); then oL = L. Hence res(0) = o, is well-defined.
Since L is dense in Lq and o is continuous (in fact, isometric) wrt the
absolute value, res is injective. Now, for all € Ly, |o(x)|p = |z|g, so
o(PB) =P, and so |1, € Gp.

It remains to show res surjects onto Gyg; it suffices to show that

[Lop : Kyl = ef = [Gpl-

Indeed, |G| = ef by orbit-stabiliser: Gal(L/K) = [L : K| = efr, and
the orbits have size r by transitivity of the Galois action. Then [Lg :
K,] = ef by the last corollary, since e and f doesn’t change when we take
completions.

O

4.4 Different and discriminant
Let L/K be a degree-n extension of algebraic number fields.

Definition 4.34. Let x1,...,z, € L. Define their discriminant
A(xy,. .., mn) = A(x) = det Trp /g (viz;) = (det(o;27))? € K,

where the o; are the n embeddings L — K.

34



Ify; = Zj ai;x; for some a;; € K, then

A(y) = (det(as;))*A(x).
Also, if z1,...,2, € Of, then A(x) € Ok.

Lemma 4.35. Let k be a perfect field, and let R be a finite k-algebra. The trace
form (,): R x R — k is nondegenerate iff R = ky X -+ X ky,, for some fields k;,
where each extension k;/k is finite (and hence separable).

Proof. Example sheet. O

Theorem 4.36. Let 0 # p < Ok be prime.
(i) If p ramifies in L, then, for xq,...,z, € O, we have that p | A(x).
(i) If p is unramified in L, then there are elements x1,...,x, € O such that

pIARX).

Proof. Let pOyr, = PI' ... P, where the PB; are distinct primes with each e; >
0. By CRT,

POL H Pt
Note that the residue field k of K is finite, and so perfect.

(i) If p is ramified, some e; > 1, and so R has nilpotents. Therefore R cannot
be isomorphic to a product of fields.

Fix x1,...,2, € Op. Applying the previous lemma to the k-algebra R,
the trace form is degenerate, so A(X) = 0, where Z; is the image of z;
under the quotient. Lifting to Op, he have that A(x) € p.

(ii) If p is unramified, then R is isomorphic to a product of finite extensions
of k, so the trace form is nondegenerate, and so A(X) # 0 for any k-basis
(Z1,...,Zy) of R. Lifting these Z,, we get elements x1,...,2, € O, such

that A(x) ¢ p.
O

Definition 4.37. The discriminant of the extension L/K is the ideal dy ;i <
Ok generated by the A(x):

dL/K = ({A(X) | L1y...,Tn € OL})

Corollary 4.38. A nonzero prime p < Ok ramifies in L iff p | dp/x. In
particular, only finitely many primes ramify.

In the case where K = Q, we recover the integer discriminant dy,jq = (disc L).

Definition 4.39. The inverse different of L/K is
DL}K ={ye L|Try/k(xy) € O forall z € Or}.

Lemma 4.40. D_/K is a fractional ideal.
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Proof. Let x1,...,x, € Op be a K-basis for L. Set
d=A(xy,...,2,) = det(TrL/K(:Eixj)) € Ok.
For y € DL/K, we have y = Zj Ajx; for some \; € K.
Then
Trr x (yzs) Z)\ Trr i (zi)) Z)\ Ajj.
Multiplying by Adj A € MH(OK), we have
d-X=AdjA-Trpk(yx) € Ok,

S0 A\ € %OK, and so y € éOL Hence DL/K - é(’)L, and so it is a fractional
ideal. O

Definition 4.41. The different of L/K is Dy, /x, the inverse of DL/IK

Let Jx and Jr be the groups of fractional ideals of O and Oy, respectively.
By unique factorisation, these are freely generated over their respective sets of
nonzero prime ideals. Let N,k : J, — Jkx map P — pf, where p =P N Ok
and f = fy/p is the residue class degree.

We also have an inclusion K* — Jx by a — (a). Then the element-wise and
ideal-wise norms commute with respect to this inclusion; that is, the diagram
below commutes:

L* e—w—s jL

NL/KJ/ lNL/K
K> —0u jK

Indeed, for z € L*, we have vp(Nry /K, () = fp/pvp(r); we are done by
unique prime factorisation.

Theorem 4.42. NL/K(DL/K) = dL/K

Sketch proof. First, assume Ok and Op are PIDs. Let x1,...,x, be an Og-
basis for Op, and let y;,...,y, be a dual basis wrt the trace form. Then
Y1,--.,Yn iS a basis for DZ}K.

Let 01,...,0, : L = K be the distinct embeddings of L. Then

Zm(asj)m(yk) = Tr(z;yx) = 0ij,

but A(x) = (det(o;(z;)))?, so A(x)A(y) = 1.
Since Oy, is a PID, we have DL}K (B) for some € Or. Then
dp e = (AX) ™" = (A(y) = (A(Ba1, ..., Ba)) = Niyr(B)*(A(x)),

where the second equality follows from the fact that change of basis matrices
are invertible. Hence dz/lK = NL/K(ﬂ)zdL/K, and so

Niyx(B) = Niyk(Dp ) = dp /-
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In general, localise at each prime p of Ok, and use the fact that

Dr/k(Ok)p = Do)y /(Ox)s

and
dr/x(OK)p = d(©0L)5/(0x), -
The details are omitted. O

Theorem 4.43. If O = Okla], where a has monic minimal polynomial g €
Ok [X], then
Dr/k = (9'(@)).

Proof. Let o = a1, g, ...,y be the roots of g. Write
9(X) = (X =) (X" 4 Bpa X" 2 4 4 fo)

for some B, _2,...,080 € Or. Set B,_1 = 1.

Claim:

n X T
Zg( ) . /az =X"for0<r<n-1.
—~X—a; g(x)

Indeed, the difference is a polynomial of degree strictly less than n vanishing at
each aq,...,qy.

Comparing coeflicients, we have

Trp K arg’i;;) = 0ps-
Now, 1,0,...,a" ! is a Og-basis for O, so DZ}K has an Og-basis
Bo Br—1
g'(@) " g(a)
Since -1 =1, DZ}K = (1/¢'(a)), and so Dy x = (¢'()). O

Let B be a prime in Op, and let p =P N Ok. We define the local different
DLm/Kp in the same way as we define Dy, k¢, using the rings O, and O, .

Theorem 4.44.

DLk = H Dry/k,-
pdOk

PBlp

Note that, since only ramified primes have nontrivial local differents, the product
on the right is finite.
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Proof.
Fact: Let z € L, and fix a prime p of K. Then

Trp k(v) = ZTTLGQ/K;, (z), (%)
Blp

by the same argument as for the norm earlier.

Claim:

Dk € [[ Pryss,-
pd0xk
Blp

Suppose x € DZ(;/KP for every B | p. For any y € O C Or,,, we have
Trr, /K, (vy) € Ok, . By (%), Trp/k(zy) € Ok, and so x € DZ}K. Therefore
-1 _ -1 -1
H DL&B/Kp - m Dng/Kp g DL/K

pdO0K pdO0K
Blp PBlp

Claim:

Drx 2 ] Prysx,-
pd0k
Blp

Fix P | p, and define r(P) = vp(Dr k) and s(P) = vp(Dry,/k,). By unique
factorisation, it suffices to show that r(P) < s(P).
Find z € P~ FEN\PF+L Then vy () = —r(P), and vy () > 0 for P’ # PB;

that is, x € DZ}K and x € DZ(;,/K . Fix y € Opy; by (%), we have
P

Trrg /i, (wy) = Trp )k (zy) — Z Trr,, /x, (zy) € Ok,
BB |p

SO T € DZ;/KP; that is, —r(P) = vp(r) > —s(P). O

Corollary 4.45.

dr/k = H ALy /K,
pdOk

PBlp

Proof. Apply Np k. O

5 Extensions of local fields
From now on, let L/K be a finite separable extension of non-Archimedean local
fields (we’ll always assume local fields are non-Archimedean from now on); use

notation as before. We have shown that, in this case,

[L:K]=er/kfr/K-
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Lemma 5.1 (Tower law). Let M/L/K be a tower of finite, separable extensions
of non-Archimedean local fields. We have

(i) fuyx = fuypfoi-

(i) enr/x = enm/rer)x-

Proof.

(i)
fM/K = [k’M : ]f] = [kM : kL][k’L : k?] = fM/LfL/K

(ii) Follows from (i) and [L : K| = er/k fr/k-

5.1 Unramified and totally ramified extensions

Definition 5.2. L/K is unramified if e ;x = 1 (equivalently, fr/x = [L :
K]), ramified if e/ > 1, and totally ramified if e/ x = [L : K] (equivalently,

ok =1).

Theorem 5.3. There is an intermediate extension L/Ko/K such that
(i) Ko/K is unramified.
(i) L/Ky is totally ramified.

Proof. Let k = Fg; then ky, = Fgs, where f = fr /. Let m = g’ — 1, and let
[]:Fys — L be the Teichmiiller lift for L. Let F; = (a), and let ¢ = [o]; set
Ko = K(Gm)-

Now, (,, is a primitive m'™ root of unity, so the extension K,/K is cyclotomic
and therefore Galois. Let O, have maximal ideal mg, and let the residue field
be ko. Then ko = Fy(a) = F,s; since in any case kg C kr, in fact kg = kp..

Let res : Gal(Ky/K) — Gal(kg/k) be the natural restriction map. Let o €
Gal(Ky/K); then o is determined by o (). We have 0((n) = G iff 0(¢n) =
Cm mod myg, since there is a bijection (by Hensel’s lemma) between m'™ roots of
unity of Ky and kg. This means res is injective.

Hence

[Ko : K] = | Gal(Ko/K)| < | Gal(ko/k)| = fko/k>
so in fact [Ko : K] = fg,/k, that is, res is an isomorphism and Ko/K is
unramified. But ko = kr, so fr/x = fx,/xk = [Ko : K], and fr/x, = 1; then
L/K is totally ramified. O

Theorem 5.4. Let K be a local field, and write k =F,. For each n > 1, there
is a unique unramified extension L/K of degree n. Moreover, L/K is Galois
and the natural map res : Gal(L/K) — Gal(kr/k) is an isomorphism.

In particular, Gal(L/K) = (Froby k) is cyclic and generated by a lift of the
Frobenius automorphism; that is, for every x € Op,

Froby,/k (z) = 27 mod my,.
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Proof. Take L = K((,,), where m = ¢™ — 1 and (,, is a primitive m'" root of

unity. As in the last theorem, the natural restriction on Galois groups induces
an isomorphism

Gal(L/K) = Gal(kr/k) = Gal(F¢n /Fy) = (x — 29).
Hence, in particular, the generator of Gal(L/K) descends to the Frobenius

Frob, : x — x%.

It remains to prove uniqueness. Indeed, if L/K is an unramified extension of
degree n, then we can find a Teichmiiller lift ( € L of a generator of k. By
Hensel’s lemma, ¢ is a primitive m* root of unity, where m = ¢/z/x — 1. Since
L/K is unramified,

[K(C): K| = fr/x =n,
so L = K((). O

Definition 5.5. Suppose L/K is Galois. The inertia subgroup is

Itk = kerres < Gal(L/K).

Since |Gal(kr/k)| = fr/x and er /i fr/x = [L = K], we have |I1, /x| = er k.
By construction, I,k = Gal(L/Kj).

Definition 5.6. A polynomial
fX)=X"4+a, 1 X"+ +ay € Og[X]

is Eisenstein if vi(a;) > 1 for all ¢ > 1 and vk (ag) = 1.

Note that, by Eisenstein’s criterion (generalised to prime ideals), Eisenstein
polynomials are irreducible.

Theorem 5.7.

(i) Let L/K be totally ramified, and let w;, € O be a uniformiser. Then
the minimal polynomial of my, is Eisenstein, and Op = Oklrr] (so L =
K(ﬂ'L)).

(ii) Conversely, if f € Ok[X] is Fisenstein and « is a root of f, then L =
K(a) is totally ramified, and « is a uniformiser in L.

Proof.

(i) We have [L: K] = ey /i = e. Let the minimal polynomial of 77, be
JX)=X" 4 ama X"+ 4 ag € Og[X];
note m < e. For i < m, we have

vr(a;h) = vp(a;) +i=e-vi(a;) +i=imod e;
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5.2

in particular, each term has a distinct valuation. Now,

m—1
T = — aiﬂ-L,
1=0

SO
> = m g 1 ] . - .
e>m=wvp(r7") Og&nm(z—b-e vk (a;))

Therefore vk (a;) > 1 for all ¢, and so vk (ag) = 1, and m = e. Thus f is
Eisenstein.

We have L = K(mp). For y € L, write

Y= Ebmi for some b; € K.
=0
Then
vr(y) = Oféliige(i + e vk (b)),
soy € O (that is, vi(y) > 0) iff vg(b;) > 0 for all 4, iff y € Ok [mp].

Let
fX)=X"4+a, 1 X" 1+ +ay € Og[X]

be Eisenstein, and let L = K (a) where o is a root of f. Alsoset e == ey /.

Then v, (a;) > e and v (ag) = e. If v (@) < 0, we have

n—1
v, (@) =nvp(a) < (n—1)e+nvp(a) < v, (— Z aiai> o
i=0

Hence v, (o) > 0.

For i # 0, vp(a;a') > e = vp(ap), so

n—1
e =y (— Z aiai> =vr(a™) = nup ().
i=0

But n=[L:K]>e,s0on=c¢eand vy (a) =1.

Structure of units

Suppose K is a finite extension of Q,, (that is, suppose K has mixed character-
istic). Let e = e /q,-

Theorem 5.8. Ifr > p%l, then

oo xn
exp(z) = Z o
n=0

converges on 1" Ok, and induces an isomorphism

(r"Ok,+) 2 (1+ 7" Ok, X).
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Proof. From the example sheet, we have

e(n— sp(n) _ e(n—1)
p—1 -~ p—1"

vr(n!) =e-vp(n!) =

where s,(n) is the sum of the p-adic digits of n (and so at least 1). For z € 7Ok

and n > 1,
" S n—1 +( 1) e
v | — nr—e =r+(n-— r—
E\nl) = p—1 p—1)’
—_———

>0

so, as n — 00, vk (x™/n!) — oo. Therefore exp(x) converges. Also, since
v (z™/nl) > 7, exp(x) € 1 + 7" Ok.

Similarly, consider log(1 4+ z) : 1 + 7"Ox — 7" Ok given by the power series

- (_1)n—1 n
log(l+z) = Z —tz"
n=1

n

We can check convergence as before quite easily.

As power series over QQ, we have the identities exp(X +Y) = exp(X)exp(Y),
exp(log(l + X)) = 1+ X, and log(exp(X)) = X. Hence we have an isomorphism

exp : (17O, +) = (1 + 71" Ok, x). O

We cannot do this in equal characteristic as we cannot divide by n! for n >
char K.

Now let K be any local field; let Ux = Oj be its unit group.

Definition 5.9. Let UI(?) =Ug; for k> 1, let UI((S) = (1+ 70Ok, x) be the s*h
unit group.

We have a descending chain

v ouP ou? ...

Proposition 5.10.
(i) U JU = (k%)
(ii) U Ut = (k,+).
Proof.

(i) The natural quotient UI(?) = Ok — k* given by reduction mod 7 is
surjective, and has kernel 1 + 7Ok = Uf((l).

(i) Map

FUY —k
1+ 72— zmod 7
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We have
(1+7m°z)(14+7°y) =1+ 7° (z + y + 7°zy),
—_———

=z+y mod 7
so f is a surjective group homomorphism, with ker f = U;(H.

O

Corollary 5.11. Let [K : Q,] < co. Then there is a finite index subgroup of
O which is isomorphic to (O, +).

¢, we have seen that U[(g) >~ (Og,+). But, by the last

Proof. Let r > g

proposition, the successive quotients in the descending chain (UI(? )) are finite,

and so UI((T) has finite index in O} = UI((O). O
Again, this doesn’t hold in equal characteristic.
Example 5.12. In Z, with p > 2, we have e = 1, so we can take » = 1. Then
7y = (Z/pZ)* x (1 +pZy) = Z/(p — 1)Z X Ly;
explicitly, we map = — (z mod p, z/[z mod p]).
When p = 2, we have to take r = 2. Then
Ly 2 (ZJAZ)* x (14 4Z2) 2 7)27 x La;

explicitly, map = — (z mod 4, z/e(x)), where

4+1 z=1mod4
e(z) = .
—1 z=3mod4

This gives another proof that

(Z/2Z) p>2

2 ) = {(2/22)2 p=2

5.3 Higher ramification groups
Let L/K be Galois.
Definition 5.13. For s € (—1,00), the s*® ramification group of L/K is

Gs(L/K)={o € Gal(L/K) |vp(o(x) —x) > s+ 1Vx € Or}.

Examples 5.14.
1. G_1(L/K) = Gal(L/K)
2. Go(L/K) ={o € Gal(L/K) |o(z) =xmod 7 Vo € Op} = I )i
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Note that, for s > 0,
Gs(L/K) = ker (Gal(L/K) — Aut(OL/ﬂzHOL) < Gal(L/K)) ,

so, factoring the restrictions through each other, we have a descending chain of
normal subgroups

Gal(L/K) = G_1 \Z GO IZ Gl \Z G2 IZ
Note that G only changes at integers; it is defined at non-integer reals so that

it can be used to define upper numbering, which we will meet in the last (non-
examinable) section.

Theorem 5.15.
(i) For s >0,

Gs(L/K) ={o € Gy |vp(o(mL) — 7)) > s+ 1}.

(ii)

DX

Gs=1.

s=0

(iti) Let s > 0. Then there is an injective group homomorphism

G | U
Gs+1 UI(JSJrl)
” o(mr)
L

which is independent of the choice of 7y,.

Proof. Note that these statements are equivalent to the same statement over
L/Ky, since Gy = I,;x = Gal(L/Kp). We may therefore assume wlog that
L/K is totally ramified.

(i) Since L/K is totally ramified, O = Ok|[mrp]. Suppose v (o(ny) —7L) >
s+ 1.

Fix x € Op; then x = f(my) for some f € Ok [X]. Then
o(x) —z=0(f(rr)) — f(mr) = f(o(mr)) — f(mr) = (o(7r) — 7r)g(7L),
for some g € Ok [X]. Therefore

v(o(x) —x) =vp(o(ny) —mp) +vr(g(nr)) > s+ 1,
>0

so o € Gg.

(ii) Suppose 1 # o € Gal(L/K). Since L = K(rr), we have o(nr) # 71, and
so vr(o(m) — L) = N < 0o, Therefore o ¢ G4 for s > N.
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(ili) For o € G, by definition
o(rp) € mp + 7rz+1(9L.

Hence
o(rr)
L

We need to show that the map

€l+m0L,=UY.

UL
(Y2l GS — ?
Uty
o o)
L

is a group homomorphism with kernel G 4.

For 0,7 € G, let 7(mp) = uny, for some u € Of . Then

or(mr) _ or(r) 7(mp) _ o(u) o(rp) 7(mr)
L T(rL)  mL u L L

But o(u) € u+ 75 0r, s0 o(u)/u € 1 + 7570 = Uit Hence ¢ is a
group homomorphism. Further, by (i)

kerp = {0 € Gy | o(nz) = 7 mod 75T = Gyp1}.

It remains to check independence. If 77 = wry is another uniformiser,
with a € O, then

o(ry) _ofu) ofmy)

o(re) mod UsT?
PR

T u L L
O
Corollary 5.16. Gal(L/K) is solvable.
Proof. Let s € Z>_1. Then we have shown (in particular) that
Gal(kr/k) s=-1
°— = a subgroup of ¢ (kj, x) s=0
Gs+1
(kLa +) S Z 1
Therefore G;/Gs41 is abelian, and hence solvable. O

Let chark = p. Then |Gy/G1]| is coprime to p, and |G1| = p" for some n > 0.
Since also G1 < Gy, G is the unique Sylow-p subgroup of Go = I, k-

Definition 5.17. The group G; is the wild inertia group, and Gy/G; is the
tame quotient.
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Definition 5.18. Now suppose L/K is finite separable (not necessarily Ga-
lois). Then L/K is tamely ramified if char K { ey,/k; otherwise it is wildly
ramified.

In the case that L/K is Galois, it is tamely ramified iff its wild inertia group
G is trivial.

Theorem 5.19. Let [K : Q)] < oo and L/K finite; let Dy e = (mp,)0 L/ K).
Then 6(L/K) > ep x — 1, with equality iff L/K is tamely ramified.

In particular, L/K is unramified iff Dk = Of.

Proof. We show on the example sheet that Dy /x = Dk, Dk, k- Therefore it
suffices to check the unramified and totally ramified cases.

Suppose L/K is unramified. Then O = Ogla] for some a € O such that
kr = k(a). Let g € Ok[X] be the minimal polynomial of . Now, [L : K| =
[kL : k], so g € k[X] is the minimal polynomial of &. Since g is irreducible, it is
separable, and so ¢'(a) # 0 mod 7. Hence Dy x = (¢9'(cr)) = OL.

Suppose L/K is totally ramified. Then [L : K] = e, and O = Ok|[ry], where
71, has an Eisenstein minimal polynomial

e—1
g(X) =X+ a; X' € Og[X].
=0
Then .
g () = ert ! + Ziaﬂi_l )
—— o
vp>e—1 v >e
Hence vr,(¢' (7)) > e — 1, with equality iff p te. O

Corollary 5.20. Let L/K be an extension of local fields. Let B < Op and
PNOk =p. Then e(B/p) > 1 iff P |Dr/k-

Proof. We have

DL/K = HDL‘B/Kp'
Blp

Using e(B/p) = ery, /K, we are done by the last theorem. O

Example 5.21. Let K = Q,, and let &,» € Q, be a primitive p™th root of
unity. Let L = Qp(§,n); then the p”th cyclotomic polynomial is

opn (X) = XP =) Loxpt T =) oy e Z,[X].

We show on the example sheet that
e ¢,n(X) is irreducible (and so is the minimal polynomial of &,n ).
e L/Q, has degree p"~!(p — 1), and is Galois and totally ramified.

o 1 :=¢,n —11is a uniformiser of Op. Therefore Of = Z,[§pn — 1] = Z,[pn].
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o Gal(L/Qyp) = (Z/p"Z)* is abelian, with the isomorphism mapping (§,» —
) —m.
P

Then
vr(om(m) =) = L (g = &n) = vl 1),

Let k be the maximal power such that p* | m — 1; then 51’,751 is a primitive

p"~Fth root of unity, and so 5;7@_1 —1 is a uniformiser in L' = Q,( ;’Zﬁl). Hence

L: n=lp_1
nlon(e) =) = enyuy = 28 = I B

Hence o,, € G; iff p* > i + 1. Thus

(z/p"zZ)* i <0
Gi= (0 +p*2)/p"7Z pF1<i<ph—1,1<k<n-1
1 i>ptTt—1

These G; look like the quotients of the unit groups. In fact, they are, since
we can replace Z with Z, in the quotients above without changing the groups.
Local class field theory explains this phenomenon.

6 Local class field theory

6.1 Infinite Galois extensions
Let L/K be an algebraic extension of fields, not necessarily finite.

Definition 6.1. For a € L, let f, € K[X] be its minimal polynomial over K.
Then L/K is separable if each f, € K[X] is separable, normal if each f,

splits in L, and Galois if it is separable and normal. If L/K is Galois, write
Gal(L/K) = Aut(L/K).

We want to generalise the Galois correspondence to infinite extensions.

Definition 6.2. Let (I, <) be a poset. Say [ is a directed set if, for all i,j € I,
there is some k € I such that i < k and j < k.

Examples 6.3.

1. Any total order (e.g. (N, <)) is a directed set.

2. (N4,]) is a directed set.
Definition 6.4. Let (I, <) be a directed set, and take an I-indexed collection
of groups (or sets, or rings,...) (G, | ¢ € I), together with homomorphisms
wij : Gj = G, for @ < j, such that, for i < j <k,

ik = @ijejk and @i = 1.

Then ((G;), (¢;5)) form an inverse system.
The inverse limit of the inverse system is then

limGi = {(gz) S ]‘_[Gz

i€l icl

vi;(95) :gi}~
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Taking I = N with the natural order, we recover our earlier definition of an
inverse limit.

We have projection maps ¢; : lim,_ G; = G

Definition 6.5. Suppose each G; is finite. Then the profinite topology on
@ie s G is the weakest topology making all the v; continuous, wrt the discrete

topology on the Gj.
Proposition 6.6. Let L/K be Galois. Then

(i) The set
I={F|L/F/K, F/K finite Galois}

forms an inverse system under inclusion.
(i) For F C F' € I, there is a restriction map
resp o Gal(F'/K) — Gal(F/K),
and the natural map Gal(L/K) — m, Gal(F/K) is an isomorphism.

Example 6.7. Let K = F, and L = F, its algebraic closure. We have a
bijection
{F/K finite Galois} +— N>
Fepn ¢<—n
With Fg™ C Fyn iff m | n.

We also know that the Galois groups and restriction maps are

Frob, Gal(F,» /F,) —== Gal(F,m /F,) Frob,
1 Z/nZ —2°% s 7./mZ 1

Hence we get an isomorphism
Cal(F,/F,) < Jim Z/nZ =17
(N>1,)
Frob, +— 1

7 is called the projective completion of Z. Note that the subgroup (Frob,) <
Gal(FF,/FF,) corresponds to the inclusion

Z-2= [] Z.

p prime

Theorem 6.8 (Fundamental theorem of Galois theory). Let L/K be Galois,
and endow Gal(L/K) with the profinite topology from lim Gal(F/K). Then there
is an order-reversing bijection

{F | L/F/K} +— {closed subgroups of Gal(L/K)}
F — Gal(L/F)
LY «—H
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Moreover, F/K is finite iff Gal(L/F') is open, and F/K is Galois iff Gal(F/K) <
Gal(L/K). In the latter case, Gal(F/K) = Gal(L/K)/ Gal(L/F).

Proof. Example sheet. O

6.2 The Weil group

Let K be a local field, and L/K a separable algebraic extension (not necessarily
finite).

Definition 6.9. L/K is unramified if every finite subextension F/K is unram-
ified, and totally ramified if every finite subextension F/K is totally ramified.

Proposition 6.10. Suppose L/K is unramified. Then L/K is Galois and

Cal(L/K) i> Gal(kp/k).

Proof. Since every finite subextension F/K is unramified, it is Galois, and hence
normal and separable. Therefore L/K is normal and separable, and hence
Galois.

Moreover, we have the following commutative diagram

Gal(L/K) Gal(ky /k)

E I

lim  Gal(F/K) —=— lim Gal(kp/k) <= lim Gal(k'/k)

<_
L/F/K L/F/K kr/k'/k
F/K finite F/K finite k' /k finite

The isomorphisms along the bottom follow from the theory of finite unramified
extensions. O

Suppose Li/K and Ly/K are finite unramified extensions. We show on the
example sheet that L;Lo/K is still unramified. By Zorn’s lemma, there is a
maximal unramified subextension L/Ky/K.

Suppose L/K is Galois; then there is a surjection
res : Gal(L/K) — Gal(Ky/K) = Gal(k/k).

Note that L/Kj is totally ramified, and so kp = kk,. As before, let Iy i =
ker(res) be the inertia subgroup.

Let Froby, /i, € Gal(kr/k) be the Frobenius z — z!*l.
Definition 6.11. The Weil group W(L/K) < Gal(L/K) is

W(L/K) = res™'(Froby, /1) < Gal(L/K).
If k/k is finite, then (Froby, ;i) = Gal(kr/k), so W(L/K) = Gal(L/K). Oth-

erwise, (Froby, /i) < Gal(kr/k), so W(L/K) < Gal(L/K) is a strict subgroup
(e.g. Z < 7 in the last example).
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We have also have the following commutative diagram, in which the rows are
exact.
IL/K — W(L/K) e <F1"0bkL/k>

I j j

Iy — Gal(L/K) — Gal(ky/k)

Definition 6.12. We endow W (L/K) with the weakest topology such that

(1) W(L/K) is a topological group (that is, multiplication and inversion are
continuous).

(2) Iyx < W(L/K) is an open subgroup when equipped with the profinite
topology (that is, the subspace topology from Gal(L/K)).

Equivalently, the open sets of W(L/K) are the translates of open subsets of
I(L/K) by elements of W(L/K).

Note that this topology is in general stronger than the profinite/subspace topol-
ogy induced by Gal(L/K). For example, I ,x € W(L/K) is not open in the
subspace topology.

Proposition 6.13. Let L/K be Galois.

(i) W(L/K) is dense in Gal(L/K).

(i) If F/K is a finite subextension, then W(L/F) = W(L/K)N Gal(L/F).
(i11) If F/K is a finite Galois subextension, then W (L/K)/W (L/F) = Gal(F/K).
Proof. (1) W(L/K) is dense in Gal(L/K) iff, for all finite Galois subexten-

sions F/K, W(L/K) meets every coset of Gal(L/F); that is, iff W(L/K)
surjects onto Gal(L/K)/ Gal(L/F) = Gal(F/K).

Indeed, consider the following diagram, whose rows are exact.

Ik —— W(L/K) — (Froby, /i)
\ ‘ \

a b c

+ + +

We want to show b is surjective.

Indeed, let Ky/K be the maximal unramified subextension. Then Ky N F
is the maximal unramified subextension of F/K. Hence

res : Gal(L/Ky) - Gal(KoF/Kp) = Gal(F/KyN F),

so a is surjective. Since Gal(kp/k) is finite, it is generated by Froby, /i,
so c is surjective. By a diagram chase, b is also surjective.

(ii) Consider the commutative diagram below.

19)

Gal(L/K) — Gal(ky /k) (Frye, k)

| | I

Gal(L/F) — Gal(kr /kr) (Friey, /ir)

19]
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Let 0 € Gal(L/F). Then o € W(L/F) iff olx, € (Fry, /x.); since
(Fry, /kp) = Gal(kp/kp) N (Fry, /i), this is equivalent to o|r, € (Fry, /i)
Hence 0 € W(L/F) ift c € W(L/K).

(iii) By the last two parts,

W(L/K) W(L/K) _ WI/K)Gal(L/F)  Gal(L/K) _ Gal(F/K)
W(L/F) " W(L/K)NGal(L/F) Gal(L/F) ~ O Gal(L/F) '
O

6.3 Statements of local class field theory
Let K be a local field.

Definition 6.14. An extension L/K is abelian if it is Galois and Gal(L/K)
is abelian.

If L1/K and Lo/K are abelian, then L;Ls/K is abelian, so there is a maxi-
mal abelian extension K2 in K®P/K. If L1 N Ly = K, there is a canonical
isomorphism Gal(L;Ls/K) = Gal(L;/K) x Gal(Ls/K).

Example 6.15. Let K" be the maximal unramified extension in K5P/K.
Then

o0

K" = U (unramified extensions of K) = U K(&gm_1);

m=1
if |k| = ¢, then kxuw = F,. Then
Cal(K"™) = Gal(F,/F,) = Z
is abelian, so K™ is abelian, and hence K" C K#b.

We have the usual exact sequence

IKab/K — W(Kab/K) e <FI'Kab/K>

Theorem 6.16 (Local Artin reciprocity).

(1) Recall that we equipped W (K®/K) with a special topology. There is a
unique isomorphism of topological groups, called the Artin map,

Artg : KX — W(K®/K)

satisfying the following properties:
(i) Let 7 be a uniformiser of K. Then

ArtK(T{')|K1m = FI-K“‘"/K .

(ii) Let K% /L/K be a finite subextension. Then

AI‘tK(NL/K(LX)”L =1.
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(2) Let L/K be finite. Then Artg induces an isomorphism

KX N W(Kab/K) .
N ) = W) = CelL/E).

This is a special case of the local Langlands correspondence. The (local) Artin
map here is used to characterise the Artin map of global class field theory.

Let L/K be finite; then Ny g (L*) is an open finite-index subgroup of K*. In
fact, the converse holds.

Theorem 6.17 (Existence theorem). Let H < K* be an open finite-index
subgroup. Then there is an extension L/K such that Ny (L*) = H.

In particular, Artgx induces an inclusion-reversing bijection of posets

{open finite-index subgroups of K>} «— {finite abelian extensions of K}
H— (Kab)ArtK H
NL/K(LX ) «~— H

Theorem 6.18 (Norm functoriality). Let L/K be a finite separable extension.
The square below commutes.

L e WL/L)
NL/KJ/ lrcs

X =~ b
KX — W(K*/K)

Proposition 6.19. Let L/K be a finite abelian extension of degree n. Then
€L/K = [Ozx( : NL/K(OE)]'
Proof. For x € L*, we have
vk (Np/k(2) = erkve(Npyk(2) = fr/xve(@).
Hence vg gives a surjection

KX N 7
Npyx(L*)  fo/xZ’

with kernel
O N/ (L) Ox __ Ok
Npx(L*) — Of NNp(L*)  Npjg(L*)

By local Artin reciprocity,
n=[K*: Ny (L") = fr/x[Ok : Nk (Of)],
SO [O;(NL/K(OZ)}:eL/K O]

Corollary 6.20. An extension L/K is finite iff Np,(Of) = O.
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6.4 Construction of Artg,

Our goal for the rest of the course is to construct the Artin map. We will first
look at the case of K = Q,,.

Recall that -
ng = U Qp(&pm—1) = U Qp(&m),
m=1

ptm

and that Q,(&yn)/Q, is a totally ramified extension of degree p"~!(p — 1), with
an isomorphism

O : Gal(Qp(6n)/Qp) — (Z/p"Z)*.
For n > m > 1, ww have the following commutative diagram.

Gal(Qyp(&pn)/Qp) — Gal(Qyp(&pm)/Qp)

Gnlz zl@m

(Z[p"Z)* ——— (Z/p"Z)*

res

Set Qp(éxo) = U, Qp(&n). The extension Qp(€x)/Q, is Galois, and we have
a natural isomorphism

01 Gal(Qp(§c)/Qy) — Iim(Z/p"2)" = 7.

In particular, Q,(£) is abelian.

Since Qp(£xo) is totally ramified, Q,(éec) N Q" = Q, so we have a natural
isomorphism

Gal(@y (€x) QI /Qy) = 7 x 7.
Theorem 6.21 (Local Kroenecker-Weber).
Q' = Q) Qp(&p).
Proof. Omitted. 0

We construct Artg, as follows: we have an isomorphism Q) = Z x Z, by
p"u <> (n,u). Then set

Artg, (p"u) = ((Fng“/Qp)nv 971(“)) € Gal(@;n/@p)XGal(Qp(ﬁp‘”)/@p) = Gal(@;b/(@p)-

The image of this map lies in W(Q;b/(@p).

6.5 Construction of Artyg

Since composita of totally ramified extensions are not in general totally ramified,
we have no maximal (abelian) totally ramified extension. In the case of Q,, we
had a ‘nice’ totally ramified extension Q,({ye) which we could compose with
Qp" to get ng. In general, we must construct something similar.

Let K be a local field and 7 a uniformiser of K. For n > 1, we will construct
K n, a totally ramified Galois extension satisfying
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(1) KgKﬂ',ngw,Zgu'

(ii) For n > m > 1, we have a commutative diagram

Gal(K, ,/K) —» Gal(K, ,,/K)

wnlz :J'wm

Ox /UL o Ox /U
(iii) Setting
Kw,oo = U KTr,ny
n=1

b _
we have K% = K"K .

The maps 1, in (ii) glue together to give an isomorphism

. ~ . OK ~ X

Then define Artyx by
K* 27 x 0F — Gal(K™/K) x Gal(Kr /K) = Gal(K**/K)
7"+ (n,u) = (Fricun ™, 0" (u™h))
Again, the image lies in W (K?*P/K).

We have a lattice

Kab
/ \
Kun Koo
K

Note that, although K o, and the isomorphism K* = Z x O depend on T,
Arty in fact turns out to be independent of this choice.

It remains to construct the extensions Ky .

7 Lubin-Tate theory

7.1 Formal group laws

Definition 7.1. Let R be a ring. A (1-dimensional, commutative) group law
over R is a power series F(X,Y) € R[X, Y] satisfying

1. F(X,Y) =X +4Y mod deg2.
2. Associativity: F(X,F(Y,Z)) = F(F(X,Y), Z).
3. Commutativity: F(X,Y) = F(Y, X).
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Examples 7.2.

(i) The formal additive group G,(X,Y) =X +Y.

(ii) The formal multiplicative group G,,(X,Y) =X +Y + XY
We don’t need an ‘inverse’ axiom, since it follows from the others:
Lemma 7.3. Let F be a formal group law over a ring R.

(i) F(X,0)=X and F(0,Y) =Y.

(ii) There is a unique (X) € X R[X] such that F(X,:1X) = 0.

Proof. Exercise. O

Let K be a complete non-Archimedean valued field, and let F' be a formal
group law over Ok. For any z,y € mg, the series F(x,y) converges in mg.
Define
z-py=F(zy);

then (mg,-) is an abelian group.
Example 7.4. Consider G, on Z,. For x,y € pZ,, we have x ‘6, Yy=r+y+
Y € pZy; then

(praGm) — (1+ pZyp,-)

r—1+4+x.

Definition 7.5. Let F, G be formal group laws over R. A homomorphism
f:F — Gis an element f € X R[X] such that

fF(X,Y)) = G(f(X), f(Y)).
Write Endg(F) for the set of homomorphisms F — F'.

A homomorphism f : FF — G is an isomorphism if g : G — F such that
f(9(X)) = X and g(f(X)) = X.

Proposition 7.6. Let R be a Q-algebra. There is an isomorphism of formal
group laws

exp: G, — Gm,

where

Proof. Define
oo B Xn
log(X) = 3 (-1 1A

n=1
Then the following equalities of formal power series hold:
log(exp(X)) = exp(log(X)) = X

exp (Ga(x, Y)) = G (exp(X), exp(Y)).

n .
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Lemma 7.7. Endg(F) is a (not necessarily commutative) ring, with

(f +r 9)(X) = F(f(X),9(X))

and
f'rg=T[og

Proof. We will check the ring operations are well defined. The rest comprises
similar computations.

Let f,g € Endg(F). Then

(f+r9)(F(X,Y)) =

so f +r g € Endg(F); also,
(f'rg)F=fogoF=foFog=Fofog=F(frg),

so frg € Endg(F). O

7.2 Lubin-Tate formal groups
Let K be a local field, with |k| = q.

Definition 7.8. A formal Og-module over Ok is a formal group law F €
Ok[X,Y], together with a ring homomorphism

[']F : OK — EndoK(F)
such that, for all a € O,
[a]F(X) = aX mod X2

A homomorphism (isomorphism) f : F — G of formal Og-modules is a ho-
momorphism (isomorphism) of formal group laws over Ok such that, for all
a € Ok,

Definition 7.9. Let m € Ok be a uniformiser. A Lubin-Tate series for 7 is a
power series f € Og[X] such that

(a) f(X)=nX mod X2
(b) f(X)=X9mod

Example 7.10. Let K = Q,. Then f(X) = (X +1)P —1 is a Lubin-Tate series
for p.

Example 7.11. Lubin-Tate series always exist: take f(X) =7X + X1
Theorem 7.12. Let f(X) be a Lubin-Tate series for 7.

56



(i) There is a unique formal group law F' f over Ok such that f € Endo, (Ff).

(it) There is a ring homomorphism [y : Ox — Endo, (F f) making F f into
a formal Og-module over Ok .

(iii) If g(X) is another Lubin-Tate series for w, then Ff = Fg as formal O -
modules.

We call Ff the Lubin-Tate formal group law for w. It depends (up to
isomorphism) only on 7, and not on f.

Example 7.13. Let K = Q and f(X) = (X+1)?—1. Then F'f = G Indeed,

it suffices to show f o Gm = G, o f. Then we can compute

foGum(X,Y) = (1+X)P(1+Y) —1=GCu(f(X), f(Y)).

Lemma 7.14 (Key Lemma). Suppose f and g are Lubin-Tate series for w, and
take a linear form

L(X1,...,Xn) =Y a;X; with a; € Ok.

i=1
Then there is a unique power series F(X1,...,X,) € Ok[X1,...,X,] such that
(i) F(X1,...,X,) = L(X4,. .., X,) mod deg 2.
(i) fF(Xy,..., X)) = F(g(X1),...,9(Xp)).
Proof. We will show by induction that there is a unique polynomial F,, €
Okl[X1,...,Xm] of total degree at most m such that
(a) f(Fn(Xy1,...,X0)) = Fr(g9(X1),...,9(X,)) mod degm + 1.
(b) Frn(X1,...,X,) = L(Xq,...,X,) mod deg 2.
(¢) Fn = Frpp1 mod degm + 1.

Taking F' = lim F,, we are done. Note that condition (c) ensures F is well-
defined; uniqueness follows from uniqueness of the F,,.

For m = 1, we must take F; = L for (b) to hold. Since f is a Lubin-Tate series,
f(Fl(Xla s 7Xn)) = ,/TL(le cee »Xn) = Fl(g(X1)7 cee ag(Xn)) mod deg2a

so (a) also holds.

Having constructed Fi,...,F,,, set F,11 = F,, + h for some degree-(m + 1)
homogeneous h € Ok [X7,...,X,]. Conditions (b) and (c) are trivially satisfied;
it remains to compute (a).

We have f(X +Y) = f(X)+ f(X)Y +Y2(...) and f'(X) = 7 mod X, so
fo(Fm+h)=foF, +mhmoddegm + 2.
Since ¢ = 7X mod X2, we similarly have

(Fn4+h)og=Fpog+h(rXy,...,71X,) = Fpo0g+ 7" hmod degm + 2.
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Hence (a) holds iff

foF, —F,og=(r—a"")hmod degm + 2. (%)

But f(X) = g(X) = X% mod 7; since Ok /(m) = Fy,

foF, —F,og=F! —F,(X{,...,X1) =0 mod 7.

Therefore f o F,, — F, 09 € mOg[X1,...,X,]. Let r be the degree-(m + 1)
homogeneous component of f o F,, — F,, o g; then set

r

Then h is unique by condition (x). O

Proof of theorem. (i) By the lemma, there is a unique F'f(X,Y) € Ox[X,Y]

(i)

(iii)

such that Ff(X,Y) = X + Y moddeg2 and fo F = F o (f, f); note
that the second condition implies that F'f is an F f-endomorphism if it
is a formal group law. It remains to show F'f satisfies associativity and
commutativity; these follow from uniqueness. We will check associativity;
commutativity is left as an exercise.

Indeed,
FfX,FfY,Z2)=X+Y+Z=Ff(Ff(X,Y),Z) mod deg 2,
and

foFf(X,Ff(Y,Z)) = Ff(f(X),[fo Ff(Y,Z)) = Ff(f(X), Ff(f(Y), [(Z))).

Similarly,

foFf(Ff(X,Y),Z) = Ff(Ff(f(X), f(Y)), [(Z)),
and so, by uniqueness, Ff(X,Ff(Y,Z)) = Ff(Ff(X,Y),Z).
Fix a € Ok. There is a unique [a]p; € Og[X] such that [a]p; = aX mod
X? and folalps = [a]pyo f. Then [a]pfo Ff = Ffola]rs by uniqueness,
so [a] € Endo, (Ff).
Again by a uniqueness argument, [|ry : Ox — Ende, (Ff) is a ring
homomorphism. Hence F'f is a formal Ox-module (over Ok). Note that,
by uniqueness, [7]ps = f (as f = 71X mod X?).

If g(X) is some other Lubin-Tate series for 7, let 8(X) € Ok[X] be the
unique power series such that #(X) = X mod X2 and fo f = go#. By
uniqueness, fo(Ff) = Fg(0(X),0(Y)), so 8 € Home, (Ff,Fg). Swapping
f and g, we obtain ¢ € Homp, (Ff, Fg); by uniqueness, 6 o ¢o(X) =
pof(X) =X, so 0 is an isomorphism of formal group laws.

Further, by uniqueness we have that, for a € Ok, 6 o [a]p;(X) = [a]rg ©
6(X). Hence 6 is an isomorphism of formal Og-modules.

O
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7.3 Lubin-Tate extensions

Let K be a non-Archimedean local field with residue field k of order ¢, and let
7 be a uniformiser. Fix an algebraic closure K of K, and let m < Og be the
unique maximal ideal.

Lemma 7.15. Let F' be a formal Og-module over Ox. Then m becomes a
(true) O -module under the operations x +ry = F(z,y) and a -p x = [a]p(z).

Proof. Since K is not complete, we do need to check that the operations are well-
defined. Indeed, if € m, then « € my, for some finite L/K, which is complete.
Since [z]p € Og[X] converges in L and my, is closed, in fact [a]p(z) € mp C m.
Convergence of addition follows similarly (use the compostium).

The module structure follows from the definition of a formal Ox-module over
Ok. O

Definition 7.16. Let f(X) be a Lubin-Tate series for w, and let F'f be the

Lubin-Tate formal group law for . The n"*-torsion group is the set
ppn={zem|n" -pyr=0}={zem| f"(z) =0}

where f™ is the n-fold composite fo---o f.

We have that py,, is an Og-module, and i, C pfnt1-

Example 7.17. Let K = Q,, and f = (X + 1)? — 1. Then

P "rr=f"=(X+1)" -1,

SO fpn = {En —1]0<i<p"}.
Now let f(X)=nX + X9; then

X)) = FofHX) = fPHX) (@ + I,
Then set fO(X) =1, and
f1(X) -1 —1
ho(X) = =7+ (X))
Proposition 7.18.
hn(X) is a separable Eisenstein polynomial of degree ¢q"~1(q —1).

Proof. Each h,, is clearly monic of degree ¢"~!(¢—1). Since f(X) = X7 mod T,
fr=1(X)41 = X9"" mod 7. Since f"~1(X) has constant term 0, h,,(X) = 7+
f"71(X)?7! has constant term 7. Hence h,, is Eisenstein; since it is irreducible,
it must be separable unless char K’ = p > 0; in this case, it suffices to show
h/ln, ;é O'

Proceed by induction. Indeed, hi(X) = m + X971 is separable. Now, suppose
h1(X),..., hn_1(X) are separable; then f"~1(X) = h,,_1(X)...h1(X) is sep-

arable since each polynomial is separable and irreducible of a different degree.
Then

Ry (X) = (¢ = D) (X0 HX)T2 £ 0,
so h,(X) is separable. O
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Proposition 7.19.

(1) pfn is a free module of rank 1 over O /1" Ok (that is, they are linearly
isomorphic).

(ii) Let g be another Lubin-Tate series for w. Then ppn, = pgn as Ok-
modules, and K(pfn) = K(ttgn).

Proof.

(i) Let @ € K be a root of hy. Since h,, and f"~! are coprime, a ¢ i 5—1.
Then the map

©: 0K = tfn
a—a-pfa

is an Og-module homomorphism with kernel 7Ok (since o € pyr \
Tfn—1). Therefore ¢ induces an injection ¢ : O /7" O — fif,. Since
f™ is separable,

kgl = deg f"(X) = ¢" =[Ok /7" O|.

Hence ¢ is surjective, and hence a linear isomorphism.

(ii) There exists a formal Og-module isomorphism 6 € Homoe, (F'f, Fig). This
induces an isomorphism between (m, +7,-ry) and (M, +ay¢, -¢r) (to show
the map converges, consider elements in their finite extensions as before),
and hence an isomorphism ¢, = f1g p-

Since py,p is finite, K (us,)/K is finite, and hence complete. Now, 6 €
Ok[X]; for € pypn, we have 8(x) € K(ugn), and so K(pgn) € K(tfn).
Repeating the argument with #~!, we get the reverse containment, so in
fact K (pgn) = K(pfn)-

O

We can now define our desired field.
Definition 7.20. K, = K(uf5) is the n'" Lubin-Tate extension.

Note that these don’t depend on the choice of Lubin-Tate series. Observe that
Krn C Krnt1, as we wanted. We need to prove that these extensions satisfy
our desired properties.

Proposition 7.21. The K, are totally ramified Galois extensions of degree
qn—l(q _ 1)

Proof. We may choose wlog f(X) = X + X% Then K., = K(uyn) is the
splitting field of ™, so it is Galois.

Now, let « be a root of h,(X), which is an Eisenstein polynomial of degree
q" (¢ — 1). Then « generates a totally ramified extension, so it suffices to
show K(a) = Ky . By definition of h,, f*(a) =0, so K(«) C K .
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Conversely, by the last proposition, o € pfn \ ffn—1 generates py,; that is,
any « € s, has form

r=a-pfa=|alps(a), for some a € Og.

Since K («) is complete and [a]p(X) € Ox[X], we have x = [a]rs() € K(a),
and so K(a) D K(ffn). O

Theorem 7.22. There are isomorphisms

~ Or \*
Yy Gal(Ky n/K) — (W”OK>

such that, for all x € py, and o € Gal(Kr ., /K),
Yn(0) pp o =o(x). (%)
Moreover, the 1, do not depend on f.

Proof. First, set f(X) = 71X + X9 Fix ¢ € Gal(K;,/K). Then o acts
on pyn since of = f, and o acts continuously on K, = K(usn). Now,
Ff(X,Y) € Ok[X,Y], and, for a € Ok, we have [a]p; € Og[X]. Therefore,
for z,y € pys, and a € Ok, we have
o(z+rpy) =o(x) +rso(y);
0((Z~Ff LE) =a-pf O’(:C)

Hence o restricts to an O g-module automorphism of i ,,; since K, = K (th5.5),
the restriction map gives an injection

res : Gal(Kr ) < Auto, (ftfn)-

But ps, = Or /1" Ok as Og-modules, so

~ o~ OK ‘
Auto, (.Ufm) = AUtOK/(W")(Hf’") - <7T"OK) '

Indeed, the automorphisms of a rank-1 R-module are exactly the maps given
by multiplication by some element of R*.

Let v, be the composition of res with this isomorphism; explicitly, 1, (o) is the
unique element of (O /7" Ok )™ such that

Yn(0) rrae=o(z) for ¢ € pgp.

Or \~
W”OK

S0 1, is also surjective. Therefore 1, is the required isomorphism.

b
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Now let g be some other Lubin-Tate series for m; in the same way, obtain an

~

isomorphism v/, : Gal(K, ,/K) — (Ox/7"Ok)”*. Now, we have an iso-
morphism of formal Og-modules 6 : Ff =S F g; this induces an isomorphism
0: s —> fgn Forx € pif,, we therefore have

0(Yn(0) Frx) = Yn(0) rg 0(2).

Since § € Ok [X] and o is continuous, we have, for x € uy p,

0(o(z)) = o (0(z))

and so
Un(0) “pg 0(x) = 0(thn(0) -ry x) = 0(0(x)) = 0(0(x)) = ¢y, (0) “rg ()
Therefore 4, = 1)/, m
Finally, set
Ky oo D Ky
n=1

gluing the 1,,, we get an isomorphism

O X
qp;Gal(Kﬂ,oo/K)ulim( K ) =~ OX.

As in the case of Q,, we can relate K o to Kab.

Theorem 7.23 (Generalised local Kroenecker-Weber).
Kab _ Kﬂ',ooKun~

Proof. Omitted. O

We can now define the Artin map Artg.

K* 27 x OF — Gal(K"™/K) x Gal(K, «/K) = Gal(K**/K)

7" <+ (n,u) — (Frob?(un/K,z/J_l(u_l))

This map is independent of the choice of uniformiser 7, and its image is exactly
W(K®/K).

The remaining material is non-examinable.

8 Upper numbering of ramification groups
Let L/K be a finite Galois extension of local fields. Consider the function

PL/K =@ szl - R

s%/s#dt
0 [GOZGt] '
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By convention, for t € [—1,0], we define

m:[Gt:GO]:[G:GO].

Note that, since Gy only changes at integers, the function being integrated is a
decreasing, strictly positive function that only changes at integers. Therefore ¢
is continuous (in fact piecewise linear) and strictly increasing.

More explicitly, let m € Z>_;. Then, for m < s <m + 1, we get

o(s) = oo oo
T (1Gal -+ Gl + (5= m)[Ga]) =0 [

Definition 8.1. The higher ramification groups in upper numbering are
G°(L/K) = G¢L/K(s)(L/K) < Gal(L/K),
for s € R>;.

Recall that Gs(L/K) behaves well with respect to subgroups. Indeed, for an
intermediate extension L/F/K, we have

G4(L/F) =Gs(L/K)NGal(L/F).
Analogously, G*(L/K) behaves well with respect to quotients:

GHL/K) Gal(L/F)

Gal(L/F) = G(F/K).

This result is called Herbrand’s theorem; it allows us to define upper numbering
for infinite extensions.

Example 8.2. Let K = Q, and L = Q,({p»). Let 1 < k < n—1 be an integer;

then, for p*~1 —1 < s < p* — 1, we computed earlier that
Ulc
_ nry\ X _ El ~ Qp
Gs(L/K)={m € (Z/p"Z)* | m =1 mod p*} = T
Qp

Then G, changes only at p* — 1, so ¢r/K is linear on [pF~1 —1,p* — 1]. Thus,
to compute ¢y, /x, it suffices to compute @L/K(pk —1). Since [Go : Gpe_y] =
pF~1(p — 1), we compute

p—1 pzfl—(p—1)+'“ pF—1—(pF1 1)

p—1 plp—1) pPi(p—1) =F

L /K(Pk -1)=
Therefore

X
()" o=t
G(L/K)= {UP'Z ) j<s<k 1<k<n-—1
1 s>n—1

In particular, GF = U&)/Uéﬁ) forl1 <k<n-1.
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