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[6  Discrete Valuation Rings| 49

1 Introduction

In this course, a ring R is commutative and unital (unless otherwise stated).

Commutative algebra is the basis for algebraic geometry and algebraic number
theory. The course will focus on motivation from algebraic geometry.

Let k be a field, and consider the ring A = k[T, ...,T;,] of polynomials in n
variables over k. By convention, uppercase letters will represent indeterminates,
and lowercase letters will represent specific values.

Consider S C A. Its zero locus in k" is

V(S) :{(wla"'axn) € k" | f(xla"'axn) :O,VfGS}

We say X C k™ is algebraic if X = V(5) for some S C A.

Let I = (5) be the ideal generated by S. This is the intersection of all ideals
of A containing S, or equivalently the set of linear combinations of elements of
S with coefficients in A. Note that V(I) = V(S).

We wish to study how the algebraic properties of ideals correspond to geometric
properties of algebraic sets, such as dimension, reducibility and local structure.
We focus on the geometry itself in II1 Algebraic Geometry, but here we use it
as motivation for studying the algebra.

2 Finitely-generated algebras

Consider, as usual, A = k[Ty...,T,], S C A and X = V(S5); let Z(X) be the
ideal of functions vanishing on X. We want to understand Z(X) in terms of
S, and study the coordinate ring k[X| = k[Ty,...,T,]/Z(X). Such rings are
(nilpotent-free) examples of finitely-generated k-algebras, objects which gener-
alise polynomial rings by allowing relations between the generators.

2.1 Noetherian rings and Hilbert’s basis theorem

Is there a finite set Sp C A with V(Sp) = V(S5)? The answer is in fact yes!
This is a consequence of Hilbert’s basis theorem, which we will meet in a mo-
ment.

Definition 2.1. A ring A is Noetherian if it satisfies the following equivalent
conditions:

1. Every ideal of A is finitely generated.

2. Every ascending chain A; C A, C ... of ideals of A stabilises; that is,
the chain is eventually constant. This is known as the ascending chain
condition (ACC).

3. Every nonempty set ¥ of ideals of A has a maximal element (with respect
to inclusion).



Examples 2.2.
1. All fields are Noetherian since their only ideals are (0) and (1).
2. All PIDs are Noetherian by definition.

3. k[Ty,T,...] is not Noetherian as (T1) € (71,T%) € ... is a nonterminat-
ing ascending chain.

Recall that we can view a B-module M as an abelian group along with a ring
homomorphism ¢ : B — End M, where End M is the ring of group homomor-
phisms (with multiplication being composition). Scalar multiplication is then
given by bm = ¢(b)(m). We define algebras in a similar way.

Definition 2.3. Given a ring B, a (unital associative commutative) B-algebra
is a ring A along with a ring homomorphism 6 : B — A called the structure
homomorphism; scalar multiplication is given by ba = 0(b)a.

A is then also a B-module, with ¢(b)(a) = 6(b)a.

For example, k[T, ..., T,] is a k-algebra via the inclusion 0(z) = x = 2T} ... TY.
This is then also a k-vector space.

Definition 2.4. A is finitely generated (as an algebra) over B if A is the set
of polynomials over B in some finite generating set {a; ...,a,} C A, that is, if

A =spang{al*,...a;" | e; > 0}.

Equivalently, A is finitely generated over B if it is isomorphic to a quotient of
some polynomial ring B[T7, ..., T,].

Theorem 2.5 (Hilbert’s Basis Theorem). Let B be a Noetherian ring. Then
every finitely generated B-algebra is Noetherian.

Proof. Since a quotient of a Noetherian ring is itself Noetherian, it suffices to
show that B[T7, ..., T,] is Noetherian. Since B[T1,...,T,] = B[Th,. .., Tn-1][Th]
are isomorphic as B-algebras, it suffices (by induction) to show that B[T] is
Noetherian.

Indeed, let a < B[T]. For i € N, define
Cli:{Co6B|E|Cl,...,CZ‘EBWhQI‘GCoTi—F"'—FCiTOECL}.

This is the ideal of leading coefficients of degree-i polynomials in a (along with
0). We will construct a finitely generated ideal b with b; = a; for all i.

Since B is Noetherian, the chain ag C a; C ... stabilises at m € N, and each
term is finitely generated; write a; = (a;,1,...,0in,;). For 0 < i < m, find
fi,j € asuch that f; ; = aiﬁjT" + ..., and take b to be the ideal generated by
the (finitely many) f; ;. By construction, b C a is a finitely generated ideal with
bi = a; for all 3.

If b C a, take a minimal-degree polynomial f in the complement. By construc-
tion, there exists some g € b with the same degree and leading coefficient as
f; then f — g € a has strictly smaller degree than f, so f — ¢ € b. But then

f=(—-9)+geby O



2.2 Integral algebras and Noether’s normalisation theo-
rem

Noether’s normalisation theorem classifies finitely-generated algebras. Geomet-
rically, it says the following. Let X C k™ be an algebraic set. Then 3d > 0
and a surjective polynomial map f : X — k¢ which has all fibres finite, that
is,

0 < |f X (y)| < oo for every y € k.

The value d will turn out to be the dimension of X.

Definition 2.6. Let A be a B-algebra. Then A is finite over B if A is finitely
generated as a B-module, that is, if A =spang{ai,...,am}.

Examples 2.7.
1. Let L/K be a finite field extension. Then L is a finite K-algebra.

2. Consider A = k[T, T71] = {E?:ﬂz ¢;T | a,b > 0; ¢; € k}. This is (in
particular) a k-algebra, a k[T]-algebra, and a k[T — T~']-algebra.
Now, A is not finite as a k-algebra, or even as a k[T]-algebra, since any
finite subset S has a lower bound on the powers of T' that appear in it,
but scalar multiplication by k[T] can only increase the power of T.
However, A is finite over k[T —T~1]. This is because T? = (T —T~1)T+1
and T~! = T+ (T — T71), so in fact A is generated by {1,T} over this
ring.

Theorem 2.8 (Noether’s normalisation theorem). Let A be a finitely generated
algebra over a field k. Then there is a subalgebra A’ C A such that A’ =
k[T, ..., T4 for some d >0 and A is finite over A'.

In order to prove this theorem, we need to develop the theory of integral alge-
bras.

Definition 2.9. Let A be a B-algebra. An element z € A is integral over
B if x is the root of a monic polynomial over B. Then A itself is an integral
B-algebra if all its elements are integral over B.

Lemma 2.10. Let C be an n X n matriz over a ring A. Suppose v € A™ has
Cv =0. Then (detC)v = 0.

Note that rings can have zero divisors, so this lemma is nontrivial.

For u € A™ and C € M,,(A), write Cj(u) for C' with the jth column replaced by
u.

Proof of Lemma[2.10. Have det C’j(.cv) = C’J(O) = 0. Then Cv =Y, col;(C)-v,
s0

0 =det O = 3" det O -y = det OV ) = det O -,
=1

where the other terms vanish as they have two identical columns. O

For the next proposition, we need the following notion:



Definition 2.11. A B-module A is faithful if the only element b € B satisfying
ba =0 for all a € A is 0.

Proposition 2.12. Let A be a B-algebra. TFAE:
1. A is a finitely generated integral B-algebra.
2. A is generated (as a B-algebra) by a finite set of integral elements.
3. A is finite over B

Proof.
1 = 2: Clear

2 = 3: Let ay,...,a, € A be integral generators over B. Then there are
some n; > 0 and b;,j € B such that

Qi b T by, af =0,
so, moving the lower-order terms to the other side, have

ng o 0 nifl
ot € spang{a;,..., 00"}

Done by induction.

3 = 1: A is finitely generated as a B-module, so it is finitely generated as a
B-algebra by the same generators. Fix a € A; it remains to show « is integral
over B.

Indeed, let ¢ : B — A be the structure homomorphism, and consider the subring
o(B)[a] < A. Now, A is a finitely-generated B-module, and it is faithful (over
¢(B)[a]) since 1 € A. This immediately implies « is integral over B by the
following lemma. O

Lemma 2.13. Let B < A be rings. Then x € A is integral over B iff there is
a Blz]-submodule M of A such that

(i) M is faithful over Blzx].
(ii) M is finitely generated over B

Proof. Suppose (i) and (ii) hold. By (ii), M = spang{es,...,e,} for n > 0 and
some e; € A. Write e = (e1,...,e,) .

Since ze; € spang{es,...,e,}, have ze = Ce for some matrix C € M, (B).
Then (I — C)e = 0, so, by the previous lemma, det(zI — C)e; = 0 for each i.
Since the e; generate M, det(xI — C) € B[z] annihilates all of M; since M is
faithful, in fact det(zI — C') = 0. But this determinant is a monic polynomial
in & with coefficients in B, so in fact z is integral over B.

Conversely, suppose x € A is integral over B. If x satisfies a monic degree-n
polynomial, then M = Blx] = spang{l,z,...,2" '} easily satisfies (i) and (ii),
since 1 € M. O

Definition 2.14. Let A be an algebra over a field k. The elements x1,...,x, €
A are algebraically independent if the only polynomial p € k[T1,...,T,] with
p(z1,...,x,) = 0is the zero polynomial.



Equivalently, the x; are independent if the k-algebra homomorphism k[T, ..., T,] —
A given by evaluation at the x; is injective.

This definition allows us to restate [Noether’s normalisation theoremt

Theorem 2.15 (Noether’s Normalisation Theorem, second version).

Let A be a finitely generated algebra over a field k. Then there exist elements
Z1,...,Tn € A (n > 0), algebraically independent over k, such that A is finite
over A" = k[xy,..., 2]

We will first demonstrate the proof method with an example.

Example 2.16. Let A = k[T, T~']. We want to prove the theorem in this case.

{T, T~} are not algebraically independent: have the relation 7 - T-1 — 1 = 0.

Write A = k[T~ — ¢T', T]; then, using the previous relation, get
0=(T'—eD)+cT)-T—1=cT*+(T71 —cT)- T —1.

Dividing out by ¢, have that T is integral over k[T — ¢T—!] for ¢ # 0. Thus, by

the previous proposition, A = k[T~! — ¢T|[T] is finite over k[T~ — ¢T.

We prove the theorem only in the case where k is infinite.

Proof of Noether’s Normalisation Theorem. Proceed by induction on the (min-

imal) size m of a generating set for A as a k-algebra.

If m=0, then A=k, sotake A’ = A =k.

Now suppose that {z1,...,z,,} generate A as a k-algebra. If the z; are alge-
braically independent over k, then we are done: again set A’ = A. Otherwise:

Claim: There exist c1,...c¢pn—1 € k such that z,, is integral over
B =Ek[r1 — c1%m, - s Tl — Cm—1Tm),

which is generated by m — 1 elements.

By the previous proposition, A is finite over B. By induction, take algebraically
independent elements z1, ..., zq4 € B such that B is finite over A’ = k[z1, ..., zq4].
By transitivity of finiteness, A is then finite over A’, proving the theorem.

It remains to prove the claim. In fact, almost every choice of constants ¢; works!

Indeed, let p € k[T, ..., ;] be a nontrivial relation between the z;. Let P be
the highest-degree homogeneous component of p; for scalars ¢ = (¢1, ..., Cmn-1)
with ¢; € k, have

g(T17 s aTm) = p(Tl + xle; ce aTm—l + xm—le—lva)
= P(c, )T, +...
=Q)T, +...,

expanding in powers of T),. Then

g('rl —C1Tm, -3 Tm—1 — cmflxmﬂnm) = p(xla v 7xm) =0.



If the leading coefficient @(c) is nonzero, then we can divide out by it to get
a monic polynomial over B vanishing at x,,, proving the claim. Explicitly, the
polynomial is
1 T
——g(T1 — 1 Tm, -, Tt — C 1T, Tm) = Ty, + -+ € B[]

Q(c) "

It remains to find ¢; such that Q(c) # 0. Now, Q € k[T4,...,Ty—1] is nonzero:
expanding P in powers of T;,, every coefficient must have a different degree as
P is homogeneous. Since k is infinite, and a nonzero univariate polynomial has
only finitely many roots, there are in fact infinitely many non-roots of @ (by
induction on m). O

In fact, we can show that there is a matrix

1 *
Q= € M, (k)
0 1
satisfying y = @x, such that, for some r < m, the entries y1,...,y, are al-

gebraically independent and A is finite over k[yi,...,y,]. Indeed, almost all
matrices work — the condition is that the entries fail to solve a certain polyno-
mial. This approach works in the case where k is finite, too, but the proof is
omitted here.

2.3 Hilbert’s Nullstellensatz
Let k£ be a field. We have a bijection

k" <= Homy_pig(K[T1, . .., Ty, k)
x = (x1,...,2,) — evx

taking the kernel, we get

Homyaig (E[T4, . .., Tyl k) 25 1A(K[TY, . .., Th,))

evxg(Tl—xl,...,Tn—xn)

where Id is the set of ideals. Indeed, given f € k[Th,...,T,], linearly change
variables to (T} — 1, ..., T, —x,), and observe that the constant term vanishes
exactly when f(x) does.

Taking mSpec to be the set of maximal ideals, the composition of the two maps
above gives a map

KooV mSpec k[T, ..., T,]
X — (T1 —$17...,Tn—$n).

Since these maximal ideals are determined by the single point at which they
vanish, this map is injective. This map is not in general surjective: over R,



(T? + 1) is a maximal ideal (adjoining a root gives the field C) that does not
have the form (T — ). When k is algebraically closed, however, this map is
surjective, giving a bijection

k™ <= mSpec E[Ty,...,Ty).

ker evy

This is the content of the (weak) Nullstellensatz.
Consider the vanishing set map V : P(k[T1,...,T,]) — {algebraic subsets of k™}.

On mSpec, V is injective, and its image is the set of singletons. On Id, V is sur-
jective, but fails to be injective: for example, V(T) = V(T?) = {0}. However,
we do have a right inverse to V, given by
{algebraic subsets of k"} L1 k[T, ..., T,]
X —{fekTh,...,T,])| f(x)=0Vx € X}
Clearly, Vo Z = Id. We also have Z(V(a)) 2 a, but we do not have the reverse

inclusion as V is not injective.

Indeed, let’s consider our earlier example of non-injectivity. We have Z(V(T')) =
T, but also Z(V(T?)) = T. It looks like I o V is “taking the root”.

Definition 2.17. Let I < R be an ideal. Define its radical by vT = {z € R |
2F € I for some k € N} If I = \ﬁ, I is called a radical ideal.

Lemma 2.18.
(i) VVI=VT
(i1) Let k be a field, and let a < k[Ty,...,T,]. Then V(y/a) = V(a).

Proof.

(i) If z € VV/I, then 2% € /T for some k € N, so zF' € I for some | € N.
Hence z € v/I. The other inclusion is trivial.

(ii) Suppose = € V(a), and fix h € y/a. Then h¥(z) = 0 for some k € N; since
k[Ty,...,T,] is an integral domain, h(z) = 0. Hence z € V(y/a). Again,
the other inclusion is trivial.

O

The strong Nullstellensatz then says that, when k is algebraically closed, we
really do have Z(V(a)) = y/a. This yields a bijection

{algebraic subsets of k"} %) {radical ideals of k[T1,...,T,]}.

We now turn to proving the weak and strong NSS.

Lemma 2.19. Let A < B be rings, and suppose B is integral over A.
(i) AN B* = A*.
(i) Suppose B is an integral domain. Then A is a field iff B is a field.



Note that, if B is a field, then it is in particular an integral domain.

Proof.
(i) Clearly, A* C AnB*. Conversely, suppose a € AN B* has inverse b € B.
Then there are constants c¢q,...,c, € A such that

B+ b 44 e, = 0.
Multiplying by a™ ', get

btei+eat - +ca” =0,
€A

so in fact b € A.
(ii) <: Have B* = B\ {0}. By (i), A =ANB*=AnNB\{0} = A\ {0}.

=: Suppose A is a field, and take b € B\ {0}. Again find a1,...,¢, € A
(with » minimal) such that

D"+ b A e = 0;

then
b(b"_1 "2+ Cn—1) = —Cp.
A

By minimality of n, A # 0; since B is an integral domain, —c¢, #* 0.
Dividing through by —c¢,, then, we find an inverse for b.

O

Proposition 2.20 (Zariski’s Lemma). Let k C L be fields, and suppose L is
finitely generated as a k-algebra. Then L is finite over k.

A more useful restatement is that, if a finitely generated algebra L over a field
k happens to itself be a field, then L is finite over k.

Proof. By Noether’s normalisation theorem, find algebraically independent vari-
ables y1,...,yq € L (d > 0) such that L is integral, and therefore finite, over
B =kly1,.--,yd]

Since L is a field, by (ii) of the previous lemma B must also be a field. Since
polynomial rings in d > 1 variables are not fields (7} has no inverse), in fact
d =0, that is, B = k. O

Let p € k[T]. If we want a finite field extension L/k containing a root of p,
we set L = k[X]/(g), where g is an irreducible factor of p. More abstractly,
all we need is that (g) is a maximal ideal containing (p); then the image of the
indeterminate X still solves p over L.

Now let a < k[T, ...,T;,]. We want a finite extension L of k containing a simul-
taneous solution of all polynomials in a. Analogously, we can take a maximal
ideal m 2 a, and set L = k[Ty,...,T,]/m. By Zariski’s lemma, this turns out
to work!



Theorem 2.21 (Weak Nullstellensatz). Let k be a field, and a a proper ideal
of k[T1,...,Ty]. Then there is a finite extension L/k and a point x € L such
that f(x) =0 for all f € a.

In particular, if k is algebraically closed, then the only ideal with empty van-
ishing set is k[T1,. .., T,].

Proof. Since k[Ty,...,T,] is Noetherian, take a maximal ideal m D a, and set

k[T, ..., ]
T

L =

Then L is finitely generated as a k-algebra by the T; +m, so, by Zariski’s lemma,
L/k is finite. Then set X = (T} +m,..., T, + m); for f € m, have

fm) = f(T1,...,T) +m =0 +m.
N—

caCm

Here is another way to view the weak NSS. Let p1,...,pm € k[T1,...,Tm]. If
there are ri,...,r, € k[T1,...,Ty] such that

ZT.'LPZ = 17 (*)

then the p; clearly have no common solution in any extension of k. The weak
NSS shows the converse for finitely generated extensions: condition (%) is the
only obstruction to the existence of such a solution. Indeed, if (*) is not satisfied,
then (p;) is a proper ideal.

We can, in fact, compute the r; (if they exist) for fixed p;. Indeed, we have the
following result.

Theorem 2.22 (Effective Nullstellensatz). If there are no r; with

deg(r;) < (max{3,degpi,...,degpmn})"

satisfying (x), then there are no r; satisfying (x) at all.
Proof. Omitted. O

Now, the coefficients of ), 7;p; are linear combinations of the coefficients of the
r;. By the degree bound, we can check if (x) has a solution, and find one if it
exists, using Gaussian elimination.

Corollary 2.23 (Corollary of weak NSS). Suppose further that k is algebraically
closed. Then the map

JEERALN mSpeck[T1, ..., T,]
x —— (Th —x1,..., T — Tp).

s a bijection.

10



Proof. We remarked earlier that this map is injective. To show surjectivity, fix
a maximal ideal m. By the weak NSS, find x € k™ with f(x) =0 for all f € m.
Then

m Ckerevy = (11 —x1,...,Tpn — Tp);

by maximality, m = ker evy. O

Theorem 2.24 (Strong Nullstellensatz). Let k be a field, k® its algebraic clo-
sure, and a < k[Ty,...,T,]. Define

Vala) = {x e (k" | f(x) =0Vz € a}.
Then Z(V y(a)) = V/a.

Proof. For any X C k™, we have that Z(X) is radical: if h"(z) = 0, then
h(z) = 0. Now, we have Z(Vy(a)) 2 a, and the LHS is radical, so in fact

Z(Va(a)) 2 va.

For the reverse inclusion, fix h € Z(Va(a)). If h = 0, then certainly h € /a.
Suppose h # 0; we want to show that h! € a for some | € N. By Hilbert’s basis
theorem, we have a = (g1, ..., gm). Consider the ideal

b:(gl,,gm,].*Yh)Slk[Tl,,Tn,Y]

Claim: V,(b) = 0.

Indeed, suppose (1, ..., Ty, t) solves the g; and 1 —Y -h. Then x € V,(a), and,
he€a,soh(x)=0. But then 1 —¢-h(x) =1 0.4

By the weak NSS, b = k[T4,...,T,,Y] > 1. Find r; € k[Ty,...,T,,Y] such that
(*) ZT,QZ + T’m+1(1 — Yh) = 1,
and consider the map
k[Th A ,Tn] — k(Tl, R 7Tn)
Ti — T;
Y — h™! (as h #0)

Applying this map to (x), we get

1: ZTi(Tl,...,Tn,h_l) * G-

For large enough [, we have that each h' ri(Ty, ..., Ty, h™1Y) is, in fact, a poly-
nomial. Thus
nt = hl’I“iT,...,Tn,h_l - g aca
Z (T ): g
! k[T, Tn]

Hence h € /a. O

11



This proof is known as the Rabinowitsch trick; it is an example of localisation,
which we will meet later.

By the correspondence theorem, the bijection descends to coordinate rings:

{algebraic subsets of V(c)} % {radical ideals of k[T1,...,T,]/c}.
This is because radicality is preserved by correspondence.

2.4 The Zariski topology

Definition 2.25. Let k be a field. The Zariski topology on k" is the topology
whose closed sets are the algebraic subsets V(a) of k™. Call k™ equipped with
this topology n-dimensional affine space A} (or just A™).

The Zariski topology is indeed a topology:
e k" =V((0)) and 0 = V((1)).
e V(a) UV(b) =V(anb)=V(ab).

Indeed, if x ¢ V(a)UV(b), then there are f € aand g € b with f(x), g(x) #
0. Then fg € ab, but fg(x) # 0, so x ¢ V(ab). The reverse inclusions are
trivial.
o Nicr V(a;) = V(3 _,c; a;) essentially by definition.
For f € k[Th,...,T,], write D(f) = {x € A} | f(x) # 0}. The sets D(f) form
a basis for the Zariski topology.

Note that A} is only Hausdorff if n = 0 or k is finite. Indeed, let U and V' be
nonempty open sets in A}; find f € U and g € V. If k is infinite and n > 0,
then D(fg) is nonempty. Since D(fg) CU NV, U meets V.

Definition 2.26. A (nonempty) topological space X is irreducible if it cannot
be written X = X; U X5, where the X; are closed proper subsets.

Equivalently, X is irreducible iff every pair of nonempty open subsets of X
intersects.

Examples 2.27.
1. A Hausdorff space is irreducible only if it is a singleton.
2. A} is irreducible for infinite k and n > 0.

3. Suppose k is algebraically closed, and take irreducible polynomials p,q €

k[Ty,...,T,] with (p) # (q) (in particular, (p) € (q)). Since (p) and (q)
are prime and therefore radical, V((q)) € V((p)) by the strong NSS. By
the same reasoning, V((p)) € V((¢)). Then V((pg)) = V((p)) U V((q)) is
not irreducible.

We can in fact check whether V(a) is irreducible algebraically.

Indeed, recall that an ideal I < R is prime iff R/I is an integral domain, and
that, for ideals, maximal implies prime. We also have that T is radical iff R/I is
reduced (that is, its only nilpotent is 0), and that prime implies radical.

12



Lemma 2.28. Letp < R be prime. If INJ C p for some I,J < R, then either
ICypordChp.

Proof. Assume not; take f € I\pand g € J\p. Then fg € INJ C p, so either
f €porgep by primality.« O

Proposition 2.29. An algebraic set X C A} is irreducible iff T(X) Q k[T, ..., T,)
18 prime.

Proof. Suppose X is irreducible, and take polynomials f, g € k[T1,...,T,] with
fg € Z(X). Then X C V(fg) = V(f)UV(g). By irreducibility, suppose (wlog)
that X C V(f); then f € Z(X). Hence Z(X) is prime.

Conversely, suppose that Z(X) is prime and that X = V(I) UV(J) = V(IJ).
Then IJ C Z(X), so, by the previous lemma, suppose wlog that I C Z(X).
Then X C V(I), so X =V(I). O

When k is algebraically closed, we have by the strong NSS that V(a) is irre-
ducible iff \/a is prime. This can fail if k is not algebraically closed.

Example 2.30. Consider the real polynomial p(T1,T2) = T¢ + To(Ty — 1) €
R[Ty,T]. Then p is irreducible (in fact, it is irreducible over C) by Gauss’
lemma, so we certainly have that \/(p) = (p) is prime. However, V((p)) consists
of the two points (0,0) and (0, 1), and is therefore irreducible.

We want to view the Zariski topology algebraically. First, assume k is alge-
braically closed, and recall that the weak NSS gives a bijection

k™ <= mSpeck([T1,. .., T,]

x — Ty —21,...,Tn — xy).

Pulling the Zariski topology through this bijection, the closed subsets of mSpec k[T7, . ..

are (exactly) those of the form {m | a C m} for some a < k[T1,...,T,].
We can generalise this to define a topology on Speck[T1,...,T;,], making the

closed sets those of form {p | a C p}. Translating via the bijection

{irreducible algebraic subsets of k"} <V;;> Speck[Ty, ..., T,]

induced by the strong NSS and the last proposition, this is a topology on the
space of irreducible closed subsets of A} extending the Zariski topology in a
natural way.

But we don’t need a geometric space to translate to. We can define this topology
on any ring:

Definition 2.31. Let A be a ring. Its spectrum Spec A is the set of prime
ideals of A, equipped with the topology whose closed sets are (exactly) those of
form

V(a) ={p|aCp}fora<dA

This is indeed a topology: as in the geometric case, we have

13
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e Spec(A) =V((0)) and O = V((1)).

e V(a) UV(b) = V(anb) = V(ab) (essentially the same proof as in the
geometric case).

o Nicr V(ai) = V(O ies @)

As before, the open sets D(f) = {p | f ¢ p} form a basis for the topology on
Spec.

3 Ideals in ring extensions

Let A be a ring. We want to study Spec A, so we need to understand the
structure of its ideals. We will do this by studying what happens to ideals of A
under ring homomorphisms.

3.1 Localisation

Let A be a ring, and suppose S C A. We want to construct from A a new ring
S~1A in which the elements of S are invertible.

Observe that if a,b € A* then ab € A*.
Definition 3.1. S C A is multiplicative if 1 € S and ab € S for a,b € S.
We can now define the localisation S™'A.

Definition 3.2. Define an relation ~ on A x S by setting (a1,s1) ~ (a2, s2)
iff u(azse — ass1) = 0 for some u € S. This is an equivalence relation; set
2 = [(a, 8)]~. Define algebraic operations on S™1A4 = (4 x S)/ ~ by

S

ax n a2 G182+ ags81 a1 Gz Q102

S1 52 5152 ’ S1 82 5152.

These are indeed well defined; then S~!A equipped with these operations forms
a ring called the localisation of A by S.

Proof that addition is well defined.

Let @& = b1 gnd 22 = b2. we want @1s2taest — bitatboty
S1 t1 ED) to 5182 t1to

Find u,v € S such that
u(art; — b1s1) = v(asta — basa) = 0;
then the difference in the sums is
(@182 4+ agsi)tita — (bite + bat1)s1s2 = (arty — bisi)sate + (asta — basa)sity.
The product of the last expression and uv € S is 0. O

. . . . 71 .
We also get a ring homomorphism ig : A — S~"A mapping a — §. Its kernel
is
a 0
11
Hence ig is injective iff S has no zero divisors. In particular, if A is an integral
domain and 0 ¢ S, then ig is always injective.

kerig = {a cA

}z{aEAEIuES:uazO}.
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Proposition 3.3 (Universal Property of S~1A).
1. is(s) is a unit for all s € S.

2. For any ring B and map f : A — B such that f(S) C B*, there is a
unique ring homomorphism h: S™'A — B such that f = hoig.

A5, 514

=l
S,

B

Proof.

1. We have Lig(s) =12 =141 ,.
t

S
1
2. If h exists, we must have

o= (2) = () (5) = (2 1

so h(2) = f(a)f(s)~!. Therefore h is unique if it exists; it remains to show
that this h is indeed well-defined (then it is clearly a homomorphism).

Indeed, let ¢ = %, and find u € S such that u(at — bs) = 0. We have
FW)(f(a)f(t) = F(b)f(s)) = 0 so f(a)f(t) = F()f(s)
(since f(u) is a unit), so A(2) = f(a)f(s)~* = f(b) f(t)~' = h(b).

Example 3.4. Let h € A, and set S, = {1,h,h%,...} and A4; = S}le. If his
nilpotent, then A; = 0; if A is an integral domain and h # 0, then

Ah:{him‘aeA,mZO}gFracA.

For example, if A =7 and h = 2, then S;lz is the set of dyadic fractions.
Proposition 3.5. Let A be a ring and h € A. Then

AlT] ~ : i ¥ ai
m —Ah via zi:alT _)Z,L:E

Proof. Viewing ¢ as a map from A[T], have
o(1—hT)=1=h-h"' =0,

so ¢ descends to the quotient. It remains to show it is an isomorphism.

Indeed, let ¢’ : A — A[T]/(1 — hT) be the natural map. Then

' (R")T™ = B"T™ = (RT)" = 1,

15



so ¥'(Sp) C (A[T]/(1 — hT))*. By the universal property, we get a map
W Ap — A[T]/(1 — hT)

a
mn
h7n—>aT .

This is clearly an inverse to . O
What do the ideals of a localisation S~'A look like? We first consider a more
general definition.

Definition 3.6. Let ¢ : A — B be a ring homomorphism. If b < B, then
b¢ := ¢ 1(b) < A is called the contraction of b (wrt ).

On the other hand, for a < A the set ¢(a) is not necessarily an ideal; define
instead a¢ := (p(a)) the extension of a.

If  is an inclusion map, then b® = b N A; if ¢ is a quotient by I, then in fact
be =¢(b) =b+ 1.

Example 3.7. Let ¢ : Z — Q be the natural inclusion. The nonzero ideals of
Z extend to Q (since prime integers have inverses), and Q itself contracts to Z.
Note the ideals (n) < Z for n # 0 do not occur as contractions.

Proposition 3.8. (—)¢ and (—)¢ give a bijection
im(—)¢ = {contracted ideals of A} «— {extended ideals of B} = im(—)°.

Proof. Clearly, a C a®® and b C b. Setting b = a®, we get a®“ C a®, so in
fact a® = a°“. Since extended ideals of B have form a®, the map (—)°® is the
identity on im(—)¢. Dually, setting a = b¢, we get b¢ = b¢, so (—)©° is also the
identity. Hence extension and contraction are inverse on these domains. O

We now consider the case of a localisation. Indeed, let A be a ring, S C A
a multiplicative subset, and ig : A — S~'A the natural map. If a < A and
b < S~ 'A, then

ae:S_la:{%‘aea,seS} and bC:{aeA’%eb}.
Proposition 3.9. Take A, S, a and b as above. Then
(i) b =0
(i) (—)¢ and (—)° give a bijection

{ideals of A disjoint from S} +— {ideals of S™*A}
p—p°=5""p
q° +—q.

Further, this bijection preserves prime ideals.

Proof. Exercise, or see notes. O
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Example 3.10. Let p be a prime ideal of A. Let S, = A\ p; then S, is
multiplicative. Write A, = SglA. The proposition gives a bijection

{prime ideals of A contained in p} <— {prime ideals of A,}
P =S
q°+—q.
Then S, 'y contains all prime ideals of Ap, 50 Sy 1p is the unique maximal ideal
of A,. Hence A, is a local ring.
We can study A by studying localisations of the form A,.
Example 3.11. Let A =Z and p = (p). Then the ring

a
Ly = {g ‘ a,seZ,p)[s}

has unique maximal ideal

a
(p)EZ{g‘a,SGZ,pJ(S,p|a}.

3.2 Lying over problem

Let f: A< B be an inclusion of rings, and consider the map

f* : Spec B — Spec A
p—pnNA

The lying over and going up theorems deal with finding an ideal ¢ < B such
that ¢ A = p. In this case, we say q lies over p. To do this in general, we will
need the extension A < B to be integral.

Lemma 3.12. Let A < B be an integral extension of rings, and suppose q I B
is prime. Then q is mazimal (in B) iff qN A is mazimal in A.

Proof. B/q is an integral domain; since A/(qNA) < B/q by the second isomor-
phism theorem, A/(qN A) is also an integral domain, and the inclusion gives an
integral extension. We showed earlier that one quotient is a field iff the other
is, so q is maximal iff g A is. O

Take rings A < B and a multiplicative set S C A. Then we can view S™1'A as a
subset of S~!B in a natural way. Indeed, consider the composition A < B —
S~1B. This sends elements of S to units in S~!B, so, by the universal property,
it extends to a map ¢ : S7tA — STIB with p(a/s) = (1/s) - (a/1) = a/s. By
definition, ¢ is injective, so it is the desired inclusion.

Lemma 3.13. Let A, B and S be as above, and suppose further that A < B is
an integral extension. Then the extension is S™'A < ST1B is integral.

Proof. Fix g € S7!B, and let

"+ a b P+ +a,b’ =0

17



for some n > 1 and ay,...a, € A. Dividing by s™, get
b n b n—1 . b 0
ORCICRCIOR
S S s s™ S

Proposition 3.14 (Lying over). Let A < B be an integral extension of rings,
and let p < A be prime. Then there is a prime q < B lying over p.

O

Example 3.15. The extension Z < Q is not integral, and no ideal of Q lies
over (2) < Z.

Proof. Let By == (A\ p)~'B; then A, < B, is an integral extension.

We first solve the lying over problem for pA, = p® in A, < B,.

Let n be a maximal ideal of By,. By the previous lemma, nN A, is maximal in
Ap, sonnN A = pA, by uniqueness. Hence n lies over pA,. We therefore have
the diagram

g=nNB ¢ B<—— B, 2 n

A
A

pC A—— A, 2 pA,

Claim: q lies over p (i.e., the square commutes on the ideals).

Indeed, p is a prime ideal of A contained in p, so the solid arrows of the diagram
induce bijections under contraction and expansion. Then

CIc — p¢c = (pAp)c =p.
O

Theorem 3.16 (Going up). Let A < B be an integral extension of rings, and
suppose there are ascending chains of primes

prCpC--CppdAandqr Cqg2C---Cqpn I B
with q; lying over p; for 1 <i<m < n.
Then we can extend the second chain by primes
dm ©---Cq, 9B
with q; lying over p; for m < i < n.

Proof. By induction, it suffices to show the case n = 2 and m = 1.

That is, we have an inclusion p; C ps < A and q; < B lying over pp; we want
a prime g2 < A containing q; and lying over p. We enforce this by taking a
quotient.

18



Indeed, consider the inclusion A/p; < B/q1, and let the prime g2 < B/q; lie
over po/p1 < A/p1. Then ga = go/q; for some prime gy < B; this is the ideal
we want.

Indeed, q1 C g2, and, identifying the quotients via the inclusion,

2 A _P

P P
For a € po C A, we have a + q1 € ¢2/4q1, S0 a € qa.
Conversely, take a € AN qq; then a + q1 € pa/p1. Write a = a’ + b for a’ € py
and b € qq;thenb=a—a’ € A;sobe€ ANq; =p1. Hencea € pa+p1 =py. O

Example 3.17. Let Z < Z[T]; this is not an integral extension. Then going up
fails: consider (0) C (2), and consider the ideal (1+ 27") lying over (0). Then, if
q < Z[T] lies over (2) and contains (14-27"), then 2 € gso 1 = (2T+1)-T(2) € q,
so q = Z[T] cannot be prime.

Proposition 3.18 (Incomparability). Let A < B be an integral extension of
rings, and let p < A be prime. Let q C ' < B be nested primes both lying over
p. Then in fact q=¢' .

Proof. Recall that A, < B, is an integral extension. Since q and g’ are contained
in p¢ (that is, disjoint from B\ p®), their extensions qB, C q'By to B, are prime.
Claim: qB, contracts to pA, in A,.

Indeed, we have the diagram

9,99 ¢ B—— B, 2 By, dB,

poCc A4,

19]

pAp

The solid arrows induce bijections by contraction and expansion. Let qB, con-
tract to some prime p’A,; this contracts to p, as

(0 Ap)° = (aBy)“ =q° = p,
so in fact p’ = p.

Then B, and ¢'B, both lie over the maximal ideal pA,, so they are both
maximal, and therefore equal as they are nested. O

3.3 Integrally closed domains

The dual theorem to going up, called going down, requires stronger conditions
on A and B.

Definition 3.19. Let A and B be rings. The integral closure of A in B is
the set {b € B | b integral over A}.

If A is an integral domain, its integral closure is its integral closure in Frac A.
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Proposition 3.20. Let A < B be rings. The integral closure of A in B is a
subring of B.

Proof. Example sheet. O
Definition 3.21. An integral domain A is integrally closed if it is equal to
its own integral closure.

Example 3.22. Z is integrally closed, but Z[v/5] is not: 1+T\/5 satisfies the
monic polynomial X2 — X — 1 € Z[X]

Proposition 3.23. Every UFD is integrally closed.

Proof. Let A be a UFD, and let x € Frac A. Then we can write x = § for some
a € A and 0 # b € B. Suppose that z is integral over A; then

() e () 5 o

for some a; € A. Multiplying by " and rearranging, we get
a" = —blara" "t + -+ a,d" ),
sob|aandsox € A O

Proposition 3.24. Let A be an integrally closed integral domain, and let E/ Frac A
be a finite field extension. Then o € E is integral over A iff its minimal poly-
nomial over Frac A is in A[T].

Proof. Let f be the minimal polynomial of « over Frac A. If f € A[T], then «
is integral over A.

Conversely, suppose « is integral over A; let L be a splitting field for f over
Frac A. The roots of f have form oa for o € Aut(L/ Frac A), so they are integral
over A. By the Vieta formulae, the coefficients of f are sums of products of its
roots, and therefore integral over A. Since f € (Frac A)[T] and A is integrally
closed, in fact f € A[T]. O

Definition 3.25. Let A < B be rings, and let a < A. Then b € B is integral
over [ if it is the root of a monic polynomial in the A-module a[X].
Note that, if b is integral over a, then so is b.

Proposition 3.26. Let A < B be rings, let a I A, and fir b € B. Then b is
integral over a if there is an A[b]-submodule M < B such that

(i) M is faithful over A[b].
(i) M is a finitely generated A-module.
(iii) bM C alM.

Proof. Exercise; analogous to the proof in the case of integrality over a ring. [
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Proposition 3.27. Let A < B be rings, and let A be the mtegml closure of A
in B. Let a < A. Then the integral closure of a in B is Va

Proof. Suppose b € B is integral over a; then in particular b € A, and

'+ ear b L4 4 a,b =0 for some a; € a,
v‘\/:

a €A

so b™ € aA. Hence b € VaA.
Conversely, suppose b € VaA. Then

b =aix1 + - - + ATy for some a; €a, x; € A, n € N.

Since each z; is integral over A, the ring M := A[zq,...,x,] is a finite A-algebra.
Then M is also faithful over A[b] as 1 € M. Finally, b M C aM by the relation.
By the last proposition, ™ is integral over a, and so b is integral over a. O

Proposition 3.28. Let A be an integrally closed integral domain, and let E/ Frac A
be an extension. If x € E is integral over a < A, then the minimal polynomial
of x over Frac A has coefficients in /a.

Proof. Example sheet; analogous to the proof in the case of integrality over a
ring. O
We now prove a sharp condition for solving the lying over problem.

Lemma 3.29. Let A be a ring, and I < A. Let S be a multiplicative set disjoint
from I. Then there is an ideal J O I of A which is maximal wrt being disjoint
from S, and further J is prime.

Proof. Apply Zorn’s lemma to the poset of ideals containing I and disjoint from
S. A maximal element of this poset is prime (see example sheet 1). O

Proposition 3.30. Let ¢ : A — B be a ring homomorphism, and let p < A be
prime. Then p is a contraction under ¢ of some prime ideal in B iff pe° = p.

Proof. We already showed that, if p € im(—)¢, then p = pe°

Conversely, suppose p = p°, and let S = A\ p. Then ¢(S) is a multiplicative
set disjoint from p°: indeed, p(a) € p¢ = a € p*“=p = a ¢ S. By the
last lemma, there is a prime q O p¢ in B disjoint from ¢(S). Then q°¢ D p, but
q¢ is disjoint from S = A\ p, so in fact q¢ = p. O

Theorem 3.31 (Going down). Let A < B be an integral extension of integral
domains, and suppose A is integrally closed. Take descending chains of primes

AP DOp2 2 Dppand B> g1 D222 -+ 2 qm

with q; lying over p; for 1 <i<m <mn.
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Then we can extend the second chain by primes
with q; lying over p; for m < i < n.

Proof. By induction, it suffices to prove the case where m =1 and n = 2.
We have p1 D po, and ¢; lying above p;.

Consider the inclusions A C B C By, .

Claim: py = p°® = (p2B,,) N A.

Assuming the claim, we are done. Indeed, by the last proposition, we have a
prime qz < By, lying over ps. Let q2 = g2 N B be the contraction of gz in B.
Then g5 is the contraction of a prime ideal in By, , so, by the bijection, it is a
prime containing q;. But g2 lies over p, by construction.

Proof of claim: We have py C p§° = (p2 By, )NA. Conversely, fix a € (p2Bg, )N
A; write a = £ for some y € poB and s € B\ q;. The integral closure of ps in
B is v/p2B, so y is integral over py. The minimal polynomial of y over Frac A
therefore has coefficients in ps; concretely, write

y" ey 4+ -+ ey’ = 0 for some ¢; € po.

Substituting y = as and dividing out the leading coefficient, we get that s has
minimal polynomial

xmp Lxmlgp g mxo g
a a

over Frac A. Since s € B is also integral over A, each coefficient =% lies in A.

Ci

Suppose (for a contradiction) that a ¢ pa; since <& - a’ = ¢; € pg, the coefficients
= all lie in py, and so s™ € p2 B. But

s™epaB C B Cq,

so in fact s € q1.4 Therefore a € ps. O

4 Dimension theory

4.1 Krull dimension

Definition 4.1. Let A be a ring. The height of a prime ideal p # A is the
maximal length d of a descending chain of prime ideals

A p=pg2pa-12" 2 Po

The Krull dimension dim A of A is the supremum over all heights of prime
ideals.

By convention, we set dim0 = —1.

Examples 4.2.
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1. A field has dimension 0.
2. Let k be a field. Clearly, dim k[T1,...,T,] > n due to the chain
(Th,....T) 2 -2 (T1) 2 0.

=

Showing the dimension is exactly n (that is, there are no longer chains) is
much harder.

3. If A is an integral domain, then dim A = 0 iff A is a field. Indeed, (0) < A
is prime.

4. The dimension of a PID which is not a field is 1.

Note that the height of a prime ideal need not be finite: for example, k[T, T, .. .]
contains the infinite descending chain

(T4, T5,T3,...) D (T5, T3, ... ) 2 (T5,...) D ...

If A is Noetherian, we will show that heights remain finite. However, they are
not necessarily bounded, so the Krull dimension of a Noetherian ring can still
be infinite.

We now state some equivalent definitions of, and facts about, the transcendence
degree of a field extension L/k. The proofs are not hard, and can be found in
any book on field theory.

Definition 4.3. A subset A C L is a transcendence basis over k if A is
algebraically independent over k and L/k(A) is algebraic.

Proposition 4.4.

(i) Let A C L be algebraically independent over k. Then there is an exten-
sion A C B C L such that B is a transcendence basis for L over k. In
particular, taking A = 0, transcendence bases exist.

(ii) All transcendence bases for L/k have the same cardinality.

(iti) Take another extension E/L/k. If B is a transcendence basis for E/L and
C' is a transcendence basis for L/k, then B U C is a transcendence basis
for E/k.

Definition 4.5. The cardinality of a (any) transcendence basis of L/k is the
transcendence degree trdeg;, L for L/k.

In this language, (iii) of the proposition says that trdeg, E = trdeg, L +
trdeg; E.

Definition 4.6. Let A be an integral domain containing a field k. The tran-
scendence degree of A over k is trdeg;, A := trdeg, Frac A.

We will show that, when A is a finitely generated k-algebra,
trdeg;, A = dim A.

Let R be a ring, and let € R. Consider the multiplicative set
Sy ={2z" (1 =rz) |n>0,7 € R},
and write R,y = S{_ml}R. Note that x € Si,y.
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Proposition 4.7. Let R be a ring and n > 0. Then dim R < n iff dim R{m} <
n—1 forall x € R.

Proof. We begin by observing some facts.
Fact 1: If m < R is maximal and = € R, then m N Sy, # 0.

Indeed, if 2 ¢ m, then z has an inverse y modulo m (since the quotient is a
field), so 1 — yz € m.

Fact 2: If p C m < R, with p prime and m maximal, then, for z € m \ p, we
have p N Syy = 0.

Indeed, suppose y = z"(1 —rx) € p N Sgzy. Then 1 —rz € p C m, so, since
reEm, alsol€m.y

Now, suppose dimR < n and fix z € R. Expansion and contraction along
the inclusion R < Ry, induce a bijection between prime ideals of Ry, and
prime ideals of R disjoint from Sy,). In particular, this bijection preserves strict
inclusion. Take a descending chain of primes in Ry, of length [. Contracting
this chain along the inclusion gives a chain of primes of length [ in R; by fact
1, the contracted chain cannot contain a maximal ideal, so we can add on a
maximal ideal to obtain a chain of length [ + 1 in R. Then [ +1 < n, so

Conversely, suppose dim R,y < n —1for x € R. If dim R = 0 then we are
done, so suppose dim R > 0. Take a maximal descending chain of primes in
R; it must start m 2 p 2 ... for some maximal m. Say this chain has length
I. Fix x € m\ p; by fact 2, the prime ideals in the chain from p onwards
are disjoint from Sy,y, so the chain p 2 ... (which has length I — 1) extends
along the inclusion to a descending chain of primes in Ry, of length [ — 1. By
assumption, [ —1 <n—1,s0l < n. O

Proposition 4.8. Let A be an integral domain, and let k < A be a subfield.
Then dim A < trdeg;, A.

Proof. If trdeg;, A = 0o, we are done, so suppose trdeg;, A =n € N, and proceed
by induction.

For n = 0, Frac A/k is algebraic, so A is also algebraic, and therefore integral,
over k. But this means A is a field, and so dim A = 0.

Let n > 0. Fix x € A; by the last proposition, it suffices to show dim Ay, <
n — 1.

We have k(x) C Af,y. Indeed, every element of k(z) can be written as a ratio
f(z)/g(x), where f,g € k[X] and the lowest nonzero coefficient of g is 1. Then
we can write

n

g(z) = zF + Z ajr! =% [1 - Z (—a;a? %) | € Spy-
j=k+1 j=k+1
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If x is transcendental over k, then trdeg, k(xz) = 1. Then

trdegy,,) Frac Ag,y = trdegy,) Frac A — trdeg, k(z) = n — 1,

=Frac A :trdegk(z) A

so, by induction, dim A,y < n — 1, as required.

If = is algebraic over k, then 0 € Sy;, and so Ag;y = 0, so dimAgz} =0 <
n— 1.

O

In particular, we have shown that

dimk[Ty, ..., T,] = n.

We now want a converse to this result.
Proposition 4.9. Let A < B be an integral extension of rings. Then
(i) dim A = dim B.
(ii) If, further, A and B are integral domains, and k is a field such that A is
a k-subalgebra of B, then trdeg, A = trdeg, B.
Proof.

(i) Let p, 2 -+ 2 po be a chain of primes in A. By the lying over and going
up theorems, we can lift this to a chain of primes in B, so dim A < dim B.

Conversely, let g, 2 -+ 2 qo be a chain of primes in B. Let p; = q; N 4;
then the p; form a descending chain in A of length n. It remains to show
the chain is strict; then dim B < dim A. Indeed, if p; = p;41, then, by
incomparability, q; = qi41.%

(ii) Example sheet.
O

This justifies the notion of dimension from Noether normalisation described
earlier: if a k-algebra A is finite (and hence integral) over a subring A’ 2
k[Ty,...,Ty], then dim A = d.

Theorem 4.10. Let k be a field, and let A be a finitely generated k-algebra and
an integral domain. Then
dim A = trdeg,, A.

Proof. By Noether normalisation, A is integral over some B = k[t1,...,tn],
with the ¢; algebraically independent over k. By the last proposition, dim A =
dim B, so it suffices to show that dim B = trdeg; B. We already showed that
dim B < trdeg,, B; conversely, the chain

(t1y.oostn) 2 (1, ytn_1) 2 -2 (t1) 20

of primes of B has length n = trdeg; B. O
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Example 4.11. Let A = k[T1, T3], with k an algebraically closed field. Let
p € Spec A be a nonzero non-maximal prime, and take 0 # f € p. Then p
contains some irreducible factor g | f; taking a maximal ideal m containing p,
we have a chain

0C(9CpCm

of primes in A. Since dim A = 2, we have that, in fact, p = (g).

By the weak NSS, we can already classify the maximal ideals. Hence

Spec A = {0} U{(g) | g € k[T1, T3] irreducible} U {(T — t1,T — t2) | t1,t2 € k}.

4.2 Nakayama’s Lemma

Definition 4.12. Let A be a ring. Write nil(4) = v/0 = () Spec A for the
nilradical, and J(A4) = [\ mSpec A for the Jacobson radical.

Theorem 4.13 (Nakayama’s Lemma). Let a < A such that a C J(A), and let
M be a finitely generated A-module. Then

(i) If aM = M, then M = 0.
(i) If N < M is such that M = N 4+ aM, then M = N.

Proof.

(i) Suppose aM = M, but M # 0. Take a minimal generating set {e1,..., ey}
of M; by assumption, n > 1.

Since e; € M = aM, write e; = Y ., a;e; for some a; € a; rearranging,
we have

(1 — a1)61 = Zaie,;.
=2

Now, (1 —a1) ¢ m for any m € mSpec A, since otherwise 1 € m as a; €
a C m. Hence (1 —aq) is a unit, and so e; € {es,...,e,)a, contradicting
minimality.

(ii) Apply (i) to the finitely generated A-module M/N. Indeed, aM/N =
M/N,so M/N =0, and so M = N.

O

Proposition 4.14 (Krull’s intersection theorem). Let A be Noetherian, and
take a < A with a C J(A). Then

ﬂanzo.

n>1

Proof. Write M = (1,5, a".
Claim: M = aM.

Since M < A, it is an A-module; since A is Noetherian, M is finitely generated,
and also M C J(A) by assumption. Therefore, assuming the claim, we are done
by Nakayama’s lemma.
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Proof of claim: We clearly have the O inclusion. For the converse, observe
that, since A is Noetherian, a is finitely generated; write a = (aq,...,a,) for
some a; € A.

Let H,, be the set of homogeneous polynomials of degree n in r variables; then

a” ={g(a1,...,a,) | g € Hy}.

Let Sy, ={f € Hu | f(a1,...,a,) € M}, and let ¢ be the ideal of A[T1,...,T;]
generated by U,,>; Sm-

By (corollaries of) Hilbert’s basis theorem, ¢ is generated by some finite set
{fi,---, s} € U,>1 Sm of homogeneous polynomials (of degree at most m).
Let d; = deg f; and d = max; d;.

Now, fix b € M. In particular, b € a%*! sob= f(ai,...,a,) for some f € Hyy;.
Thus f € Sg1 C ¢, and so f =", g;f; for some g; € A[Th,...,T}].

Taking the degree-(d + 1) homogeneous part of both sides of the summation, we
get
[ = (9)a—anfr +- -+ (9s)a—a.) fs>

where hyj) is the degree-j homogeneous part of h. Since none of the (gi)ig—a,
have a constant term, we get

S

b= f(ai,...,a,) = Z(gi)[d_di}(al,...,ar)-fi(al,...,aT) € all.
i=1

€a eM

4.3 Artinian rings

Definition 4.15. A ring A is Artinian if every descending chain of ideals sta-
bilises. Equivalently, every nonempty set of ideals of A has a minimal element.

Observe that quotients of an Artinian ring are Artinian, by correspondence.

Let A # 0. We want to show that A is Artinian iff it is Noetherian of dimension
0.

Proposition 4.16. A nonzero Artinian ring has dimension zero.

Proof. Let p € Spec A, and let A’ = A/p. Then A’ is an Artinian integral
domain. If we can show A’ is a field, we are done since then p is maximal.

Let 0 # a € A’; let the descending chain (a) 2 (a?) 2 (a®) ... stabilise at (a™).
Then (a") = (a™!), so a™ = ba™*! for some b € A’. Since A’ is an integral
domain, 1 = ab. Hence A’ is indeed a field. O
Examples 4.17.

1. An integral domain is Artinian iff it is a field: indeed, fields are Artinian
and Artinian integral domains have dimension 0.

2. Every finite ring is Artinian.
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3. Let k be a field. Then k x k is Artinian, and so is k[T]/(T™).

4. Z and k[T] are Noetherian, but not Artinian.
Corollary 4.18. If a ring A is Artinian, then nil(A) = J(A).
Proposition 4.19. Let A be an Artinian ring. Then A has finitely many
mazimal ideals.
Proof. Let X be the collection of finite intersections of maximal ideals of A.
Since A is Artinian, let a = ()}, m,, be a minimal element of X.
Claim: mSpec A = {my,...,m,}.

Indeed, suppose there is some other maximal ideal m. Find elements a; € m;\m;
then a; ...a, € (it; m; \ m (since m is in particular prime), so

ﬂmiﬂmg ﬂmi:a.#
i=1 i=1
O

Proposition 4.20. Let A be an Artinian ring. Then nil(A)™ = 0 for some n.
Proof. Consider the chain nil(A) 2 nil(A4)? D ...; this stabilises, so nil(A4)" ™! =
nil(A4)™ for some n € N.
Claim: nil(4)” = 0.
Suppose not; then

nil(4) e ¥ :={a < A anil(A)" # 0}

$0 X # . Let a be a minimal element of ¥, and take = € a such that z nil(A)™ #
0. Then (z)nil(4)™ # 0, so, by minimality, a = (). Since nil(A)"*! = nil(A)",
we have

(znil(A)™)(nil(A)™) = znil(A)?" = znil(A)" # 0,
so znil(A)" € 3. But nil(4)" C (x), so, again by minimality, (z) = x nil(A)".
There is therefore some y € nil(A)™ such that = zy; since y is nilpotent, write
y*® = 0. But then z*F = 2Fy* = 0.4 O

Definition 4.21. Let M be a module over a ring A. Then M is Noethe-
rian/Artinian if every ascending/descending chain of submodules of M sta-
bilises.

Note that A is Noetherian/Artinian as a ring iff it is Noetherian/Artinian as
an A-module (by definition). Note also that, for a submodule N < M, M is
Noetherian/Artinian iff both M/N and N are.

Proposition 4.22. Let A be a ring, and suppose there aremy, ..., m, € mSpec A
such that my ... m, = 0. Then A is Noetherian iff it is Artinian.
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Proof. Consider the (finite) descending chain
AZ_Dml ommg D - Z_Dml...mnzo.

Let M, =my...m,._1/my...m, (so that My = A/my). The M, are naturally
A-modules; since m,. acts trivially on M,., the M, are in fact A/m,-vector spaces.
By correspondence, we have a bijection

{A/m,-linear subspaces of M, } +— {A'SmeOdules of m1. “m“l} )

containing mj ... m,

Note that the set on the LHS satisfies the ACC/DCC iff the set on the RHS
does. The sets on the RHS all satisfy the ACC (as r varies) iff A is Noetherian,
and all satisfy the DCC iff A is Artinian. The sets on the LHS satisfy the ACC
and the DCC iff each M, is finite-dimensional. Therefore A satisfies the ACC
iff it satisfies the DCC. O

Lemma 4.23. Let A be a Noetherian ring. Then every radical ideal of A is an
intersection of finitely many primes.

Proof. Exercise. O
Theorem 4.24. A ring A is Artinian iff it is Noetherian of dimension 0.

Proof. Suppose A is Artinian. Then dim A = 0, and we have mSpec A =
{my,...,m,}, and some [ € N such that

0=nilA' = (mlﬂ-~-ﬁmn)l D (ml...mn)l.

By the last proposition, A is Noetherian.

The converse is on the example sheet. O

4.4 Exact sequences

Definition 4.25. Let A be a ring. A sequence

f1 f2 frn-1

M, M, M,

of A-modules is an exact sequence if, for all 7,

im f; = ker fi11.

A short exact sequence is an exact sequence of the form

0 N M L 0

Note that, in the short exact sequence above, we have M/N = L.

Definition 4.26. A graded ring (A4, (4,,)) is a ring A along with a sequence
(An)52, of additive subgroups of A such that

L] A:@jA]‘.
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L] AZA] Q Ai+j for all Z,_]
Write A, = @121 A; < A, and let © € A be homogeneous if z € A,, for some
n.

Example 4.27. .
k[Ty,..., Ty = ZHn
n=0
where H,, is the additive group of homogeneous polynomials of degree n.
Lemma 4.28. A is a ring.

Proof. Ag is a multiplicatively closed abelian subgroup of A; it remains to show
14 € Ag.

Indeed, write 14 = ZZO a; for some a; € A; and m € N. For b € A,,, we have

=0 ¢

Anti
so, since A = ®,,A,,, in fact b = bag. Then z = zag for all x € A, so
1la=aqap € Ao. | O

Each A,, is then an Ag-module.

Definition 4.29. Let A be a graded ring. A graded A-module (M, (M,,)) is
an A-module, along with a sequence (M,,)>2, of A-submodules of M such that

o M = EBj M;.
[ AlMJ g Mi+]‘ for all Z,j
For example, a graded ring is a graded module over itself.

A homomorphism f : M — N of graded A-modules is then an A-module homo-
morphism with f(M;) C N; for all i.

Proposition 4.30. Let A be a graded ring. Then A is Noetherian iff Ag is
Noetherian and A is finitely generated as an Ag-algebra.

Proof.

«: Hilbert’s basis theorem.

=: Suppose A is Noetherian; then Ay = A/A, is Noetherian. Now, Ay < A is
generated by the set of all homogeneous elements of positive degree; let Ay =
(x1...,xs), with z; € A, (k; > 0). Let A’ = Aglay,...,z4].

Claim: A’ = A.

It suffices to show A, C A’ for all n € N. For n = 0, we have Ag C A’; for
n > 0, take y € A,,, and write

S
Yy = E ;.
i=1
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Taking the n'* homogeneous component (formally, projecting onto A,,), we can
assume wlog that a; € A,,_g,. But n — k; < n, so, by induction, a; € A’. Hence
ye A O

Definition 4.31. Let A be a ring, and let C be a class of A-modules. Then a
mapping A : C — Z is an additive function on C if for all short exact sequences

0 N M L 0

we have A(M) = A(N) + A(L); that is,
AM) = XN)+ AXM/N)

for all submodules N < M.

Example 4.32. Let A = k be a field, and C the class of finite-dimensional
k-vector spaces. Then A(V) = dimy V' is an additive function.

Proposition 4.33. For an exact sequence

0 M, M, 0
we have
n
> (—1D)FAMy) = 0.
k=0
Proof. Example sheet. O

Definition 4.34. Let M be an A-module. A composition series for M is a
maximal descending chain of submodules

M:anMn_lzzMoz()

Maximality here is with respect to chain refinement.

Lemma 4.35. If a module M has a composition series of length M, then all
composition series of M have length n. Further, every chain of submodules of
M can be refined to a composition series.

Proof. Exercise. ]

Definition 4.36. The length of a (any) composition series for M is called its
length [(M). If no composition series exists, say the length is co.
Proposition 4.37. An A-module M has finite length iff M is Noetherian and
Artinian.

Proof.

=: All chains of submodules have finite length.

<: Since M is Noetherian, we have a chain of submodules

M=My>M >M>...
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where M; is maximal in M;_1. Indeed, given M;_;, take an ascending chain of
submodules of it, and let M; be the submodule at which this chain terminates.
Since M is Artinian, this chain (M;) itself terminates. By construction, it must
terminate at 0, so this chain is a composition series for M. O

Proposition 4.38. The mapping M — (M) is additive.

Proof. Exercise. O

4.5 Hilbert polynomials

Let A = @p,, A, be a Noetherian graded ring. As we have seen, Ay is Noetherian
and A = Ag[x1,...,xs] for some homogeneous z; € Ay, with k; > 0. Now, let
M = @, M, be a finitely-generated graded A-module; let M be generated over
A by mq,...,mp for some m; € M,,.

Every element of M, is of form

b
ij(xla"wxs) s My,
=1

for some f; € Ao[Ty,...,Ts] such that f;(x1,...,25) € A,—p;. Therefore M,

is generated as an Ag-module by elements of the form z{'...z% - m;, where

1 <j<nand),ek; =n—r;. There are finitely many such elements, so M,
is a finitely generated Ag-module.

Let A be an additive function on the class of finitely-generated Ap-modules. A
good example for intuition is A = [ and Ag Artinian.

Definition 4.39. The Poincaré Series of M wrt \ is

P(M,T) = i A(M,)T" € Z[T].
n=0

Theorem 4.40 (Hilbert-Serre). P(M,T) is a rational function in T of form

P(M,T) = H_ﬁT—)Tk) with f(T) € Z[T).

Proof. Proceed by induction on s.

If s =0, then A = Aj. Since M is a finite Ag-module, for sufficiently large n
we have M,, =0, and so A(M,,) = 0. Hence P(M,T) € Z[T].

For s > 0, consider the Ag-module homomorphism -zs : M,, = M, 1. given by
multiplication by x,. This yields the exact sequence of Ap-modules below.

— Ts Mntr,
K, =ker(-ay) —— M, —— M, 1x, —>» e = Lptr,

Let K =@, K, and L := ,, Ly, ; these are both finitely-generated graded
A-modules since they are, respectively, an A-submodule and a quotient of M in
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a way that respects the grading. But, by construction ,both are annihilated by
Zs, so they are in fact finitely-generated graded Ag[z1,...,2s—1]-modules.

By induction, P(K,T) and P(L,T) are rational functions with denominator
Hf:_ll(l — T*). But additivity of A gives
AKR) = MMn) + M Mnik,) = MLnr,) = 0;
multiplying by 7"*s and rearranging, we have
MM gp,) - TFs = TR XN(M,,) - T™ = MLpyp,) - T — TFN(K,) - T™.
Summing over all n > 0, we therefore have
(1—=Tk)\P(M,T) = P(L,T) — T*P(K,T) + g(T)

for some correction term g(7') € Z[T] of degree at most ks. This gives the
result. O

From now on, assume A takes values on Z>q and A(N) = 0 only for N =0 (we
have in any case A(0) = 0, by additivity).

Write d(M) for the order of the pole of P(M,T) at T = 1. We have d(M) > 0
for M # 0. Indeed, if d(M) < 0, then in particular

: f(T)

1 —0;
- [[, (1 —1T%) 7
since the r.0.c. of the rational function is 1, we also have limy_,;- P(M,T) = 0.
But then A(M,,) =0 for all n € N, and so M = 0.

Proposition 4.41. Suppose x € Ay, is not a zero divisor in M. Then d(M/xM) =
d(M) - 1.

Proof. Construct the exact sequence as in the previous theorem, but with = in
place of x5. Then K,, = 0 since x annihilates only 0, and Ly = My /xM,.
Then we get

(1 - Tk)P(M’ T) = P(LaT) +g(T);

since (1 — T*) has a simple zero at 1, d(M) = d(L) + 1. But we can write
L = (®n>xMy)/xM, so P(L,T) and P(M/xM,T) differ by a polynomial in
Z[T), and so d(M/xM) = d(L) = d(M) — 1. O

Example 4.42. Let A = k[Ty,...,T,] = @, H,. Now, Hy = k, so A is
generated as an Hy-algebra by T1,...,Ts; € A;. Therefore k; =1 for 1 <i < s.

Proposition 4.43. Suppose k; =1 for 1 < i < s. Then there is a polynomial
HPy € Q[T of degree d(M) — 1 (where deg0 = —1) such that N(M,,) =
HPy(n) for large enough n.

Note that such a polynomial is necessarily unique, since it is determined at
infinitely many points.
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Proof. Write d = d(M). Applying Hilbert-Serre and cancelling any factors of
T — 1 in the numerator of P(M,T), there is some f € Z[T] such that f(1) #0
and

o] N
S OAMM)TH = P(M,T) = (1=T)' " f(T) = (1-T)"">  asT",
k=0 1=0

for some d < k — 1 and ay, € Z. Then

oo

1-7)4=>" (d;Zl)T’C.

k=0
Therefore, comparing coefficients, for large enough n we must have

N
AM,) =S a (‘HZ: ’1‘“' - 1> — HPy(n).

k=0

This is a polynomial over Q in n. The leading coefficient is

Yok _ (1)
(dk—ol);c - (d—-1)! 70,

so the polynomial has degree d — 1. O

The polynomial H Py, is called the Hilbert polynomial of M (wrt \). Note
that HPy; maps Z — Z, yet it lies in Q[T in general.

Example 4.44. Let k be a field and A = k[T4,...,Ts]. Then A, is a k-

vector space with basis {T7"...T¢ | >, e; = n}, so dim A, = (S‘gle) Set

A(V) = dimg(V); then P(A,T) = (1 — T)=*, f = 1 and HPa(n) = ().

s—1

4.6 Filtrations

Definition 4.45. Let M be a module over a ring A. A filtration of M is a
descending chain M = My > My > ... of submodules. If a < A, then the chain
(M), is an a-filtration if aM, < M,4; for all n € N. An a-filtration is
stable if aM,, = M, 4, for sufficiently large n.

Example 4.46. (a,M) is a stable a-filtration of M.
Stable a-filtrations of M are all in a sense equivalent.

Lemma 4.47 (Bounded Differences). Let (M,,) and (M) be stable a-filtrations
of M. Then there is some ng € N such that My n, < M}, and M}, < M,
for alln € N.

Proof. The conclusion is an equivalence relation, so it suffices so prove the case
M) =a™M.

On the one hand, a” M < M, by definition. On the other, there is some ng € N
such that M, 1 = aM,, for all n > ng; then, for any n € N, we have

My, = 0" My, < aM.
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Let A be a ring and a < A. Set a® = A; then A* = @, ,a" is a graded ring.
If M is an A-module with an a-filtration (M,,), then M* = @, M, is a graded
A*-module.

Suppose A is Noetherian; let a = (z1,...,2s). Then A* is generated as an
A-algebra by Z1,...,Zs, where Z; is the image of x; in the a-entry of A*:

;= (0,2,0,0,...) cA®ada’®a®. .. = A*.

By HBT, A* is Noetherian.

Lemma 4.48. Let A be a Noetherian ring, M a finitely generated A-module,
and M, an a-filtration of M. Then TFAE:

(i) M* is a finitely generated A*-module.
(ii) (My,) is a-stable.

Proof. M is Noetherian (since it is finitely generated over a Noetherian ring),
so each M, is finitely generated. Therefore each @, := @,:.;1 M, is finitely
generated as an A-module; Q,, is also a subgroup of M*. The A*-submodule of
M* generated by @Q,, is

M =A*Q,=My® - ®M, daM, ®a’M, & ...

Then M is finitely generated over the Noetherian ring A*, and so itself Noethe-
rian.

Now, the filtration (M,,) is a-stable iff the ascending chain (M) stabilises.
Indeed, by definition, this chain stabilises at n = k iff M4, = a™ M}, for all
m € N.

Suppose M* is finitely generated over A*. Then M* is Noetherian, and so
(M) stabilises. Conversely, suppose (M) stabilises; since M* = J, M, we

n?

have M* = M, for some ng € N. Then M* is finitely generated over A*. [

Proposition 4.49 (Artin-Rees theorem). Suppose A is Noetherian, a I A and
M is a finitely generated module over A with an stable a-filtration (M,). Let
M’ < M be an A-submodule. Then (M, N M') is a stable a-filtration of M.

Proof. Write K,, := M,, " M'. We want to show K,, is a stable a-filtration.

Since aM’ C M’ and aM,, C M1, (K,) is an a-filtration. It remains to show
it is stable.

Now, K = ,, K, is a graded M*-submodule of A*. By the previous lemma,
M* is finitely generated over A* since (M,,) is a-stable. Since A* is Noetherian
(as A is), K < M* is finitely generated over A*; applying the lemma again,
(K,,) is a-stable. O

Definition 4.50. Let A be a ring, and let a < A. The associated graded
ring is
oo

Ga(A) = @ %7

n=0
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where we again take a = A.

If M is an A-module and (M,,) an a-filtration,

[eS) Mn
G(M) =
( ) 7@ Mn+1
is the associated graded module; it is a graded G,(A)-module.
Proposition 4.51. Let A be a Noetherian ring with a I A. Then
(1) G4(A) is a Noetherian ring.
(2) If M is a finitely generated A-module and (M,,) is a stable a-filtration, then
G(M) is a finitely generated graded G4(A) module.
Proof.

(1) Since A is Noetherian, a = (z1,...,xs). As before, let Z; be the image of
x; in the second entry of G4A. Then G,A is generated by the Z; as an
A-algebra; by HBT, G4(A) is Noetherian.

(2) There is some ng € N such that M, = a"M,, for all r € N. Then G(M)
is generated as a Gq(A)-module by @, M,,.

Now, each quotient M, /M,,+1 is a Noetherian A-module (since M,, is) which
is annihilated by a. Hence M,, /M, is finitely generated over A/a, and so
"0 o M, is finitely generated over A/a. Hence G(M) is finitely generated

n=

over Gq4(A).
O

4.7 Dimension theory of local rings

Definition 4.52. Let R be a ring. An ideal I < R is primary if I # R and
every zero divisor of R/I is nilpotent.

Let I < R be primary. Then v/T := p is the smallest prime containing I; say that
I is p-primary. In particular, /- maps primary ideals to prime ones.

Let p < R be prime. Now, p* is not necessarily primary; if it is primary, then
it must be p-primary. Note that, for m < R maximal, m" is always m-primary.
Not every primary ideal arises as a prime power, however: the ring k[X,Y] (k
a field) is a counterexample.

Let (A,m) be a Noetherian local ring. For a m-primary ideal g, let d(q) be
the minimal cardinality of a generating set of q. We get three numbers from
A:

(1) dim A
(2) 0(A) = min{d(q) | g < A m-primary}.
(3) d(Gm(A)); that is, the order of the pole of P(Gw(A),T) at T = 1.

We will show that, in fact, these three values are all equal.
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Lemma 4.53. Let p € Q[T]. Then, for n > 0, there is some q € Q[T] such
that

S (k) = a(n),
k=0

where the leading coefficient of q depends only on the leading coefficient of p,
and degq = degp + 1 (where we take deg0 = —o0).

Proof. Omitted. O

Suppose f : Z — 7 is equal to a polynomial g € Q[T] at sufficiently large
values. Since g is uniquely determined, we will talk about deg f, the leading
term/coefficient of f, and so on, without explicitly referring to g.

Proposition 4.54. Let (A, m) be a Noetherian local ring, and let ¢ < A be m-

primary. Let M be a finitely generated A-module, and (M,,) a g-stable filtration.

Then

(1) (M, /M;+1) < 0.

(2) Forn sufficiently large, there are f,g € Q[T] such that I(M,/Mp+1) = f(n)
and (M /M,,) = g(n), and 1 4+ degl(M,,/My+1) — degl(M/M,,) < (q).

(8) The leading terms of l(My,/M,1) and [(M/M,,) depend only on A, m and
q; that is, they are independent of the choice of filtration.

Proof.

(1) M, /M4, is a finitely generated A/g-module. Now, A/q is Noetherian,
and has dimension 0: there are no prime ideals between q and m, and m is
maximal. Therefore A/q is Artinian. Hence M,, /M, 11 is both Noetherian
and Artinian, and so it has finite length.

(2) By the proposition, G4(M) is Noetherian. Then G(M) = @, My, /Mp11
is a finitely generated G4(A)-module. If x1,...,z, generate g, then their
(degree-1 homogeneous) images in the second entry of G4 (A) generate G4 (A)
as a A/g-algebra. But then I(M,, /M, 1) is equal to its Hilbert polynomial,
which has degree s — 1, for sufficiently large values of n. Since

n—1

UM/My) = UMy /M),
k=0

this is also eventually polynomial in n by the last lemma.

(3) Let (M)) be another stable g-filtration of M, and let

n—1

g(n) = UM /My) =Y U(My/Mj41)
and

f(n) = UM/M;) =Y UMM ).

k=0

37



Then f and g are polynomials for sufficiently large values of n; by the last
lemma, their leading coefficients depend only on the leading coefficients of
I(My/My1) and [(M;, /M ), respectively.

But (M,,) and (M) have bounded differences; that is, there is some ng € N
such that, for all n, M, ,, < M, and M), ., < M,. Therefore f and g
have the same growth rate: precisely,

g(n —mng) < f(n) < g(n+ng) for n € N.

Hence g and f must have the same degree and leading coefficient.
O
Corollary 4.55. Let (A, m) be a Noetherian local ring and q a m-primary ideal.
Then

(i) For sufficiently large n, 1(q™/q" 1) is a polynomial of degree at most 6(q)—
1.

(ii) degl(A/q") = degl(A/m™) and degl(q™/q" ') = degl(m™/m"+1).

Proof.
(i) Apply the last proposition to M = A, with M,, = q".

(ii) Since A is Noetherian and m = ,/q, we showed on the example sheet that
there is some r € N such that m” C q C m. Therefore

[(m/m") <I(m/q") <l(m/m™),
g'(n) < g(n) < g'(rn),
and hence degl(m/q™) = degl(m/m™).
O

Proposition 4.56. Let (A, m) be a Noetherian local ring. Then §(A) > d(Gn(A)).

Proof. Let q be an m-primary ideal of A generated by §(A) elements. By the
corollary,

3(A) =d(a) > 1(a"/q" ") + 1 = degl(m" /m" 1) + 1 = d(Gm(A)).
O

Proposition 4.57. Let (A,m) be a Noetherian local ring. If x € m is not a
zero divisor, then

AGrye(A/(2))) < d(Gr(A)).

Proof. Since x is not a zero divisor, the map a — xa is an A-module isomorphism
A — zA. Let A = A/(x) and m’ = m/(x). We get an exact sequence of A-

modules

TA A A’
T ANmM” mn m’'mn
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By additivity of [, we have

(A =i (A) (A
m'™ ) \mn rAnmn )’

Now, (m™) is a stable m-filtration of A, so (xANm) is a stable m-filtration of z A &
A. Therefore the degrees and leading terms of [(A/m™) and [(zA/(xA Nm™))
are equal, so their difference has strictly lower degree. Then

mn A A m"
degl (mml) +1 = degl (mm> < degl <mn> = degl (mnﬂ> +1.

AGmya(A/ () A(Gmya(A/ (7))

Proposition 4.58. Let (A, m) be a Noetherian local ring. Then
d(Gm(A)) = dim A.

Proof. Proceed by induction on d(Gn(A)). If d(Gn(A)) = 0, then, for n suffi-
ciently large, [(m™/m"*1) = 0, so m" = m"*!. By Nakayama’s lemma, m" = 0.
Sice A is Noetherian, it is Artinian. Therefore dim A = 0.

Now suppose d(Gn(A)) > 0. If dim A = 0, we are done; otherwise, take a
nontrivial strictly descending chain of primes p, 2 -+ 2 po (r > 1). Now, A’ =
A/po is a Noetherian local integral domain with maximal ideal m’ = m/pg. Let
x € p1 \ po; then 2’ = x +p # 0. By the last proposition, d(Gu/2)(A"/(x))) <
A (A7),

We also have a surjective A-module homomorphism A/m™ — A’/m™ so [(A/m™) >

[(A"/m'™); then deg(A/m™) > deg(A’/m'™) and so d(Gm(A) > Gm/(A")). By the -
proposition defining Hilbert polynomials, we get

!
UG s) (737) < Gl )
/@) \ @
By induction, dim A’/(z) < d(Gwn(A)). Since the images of the p; in A"/(x)
remain distinct, r — 1 < d(Gn(A)) — 1. Hence dim A < d(Gw(A4)). O

Corollary 4.59. The dimension of a Noetherian local ring is finite.
Proposition 4.60. Let (A, m) be a Noetherian local ring. Then

dim A > §(A).
Proof. Let d = dim A. We want to show A contains an m-primary ideal gener-
ated by (at least) d elements.

We construct x1, ..., x; € m such that every prime ideal containing all of the x;
has height at least 7. The ¢ = 0 case is trivial; suppose ¢ < d, and x1,...,%;—1
have been constructed.

Claim: Let I < B, where B is Noetherian. Then there are finitely many prime
ideals of B minimal over I.
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Indeed, consider nil B/I. This is a finite intersection (), p; of primes (exercise);
by correspondence, every prime in R that is minimal over I descends to one of
the pi-

There are therefore only finitely many prime ideals pi,...,ps of height i — 1
containing {z1,...,z;—1}. Indeed, every such prime ideal is minimal among
those containing (z1,...,z;-1). Now, by maximality, m has height d; since
i —1 < d, we must have m # p; for all 5. By prime avoidance, m ¢ U;Zl pj, 0
find x; € m\ Uj pj-

Let q be a prime ideal containing (z1,...,z;), and let p be minimal among
prime ideals between (z1,...,x;) and q. If p = p; for some 1 < j < s, we have
z; € q\p,soq 2 p; then

htgq>htp=4—1.

Otherwise, by induction we have
htg > htp > 4.

In any case, htq > i.

Then consider

(T1,...,2q) = m p=m,

peSpec A
(T1,..,za)EP

since the only prime of height at least d is m. O

Proposition 4.61 (Krull’s height theorem). Let A be a Noetherian ring, and
let x1,...,2, € A. Then every minimal prime p containing a = (x1,...,x,) has
height at most r.

Proof. We localise at p. Now, p© is the unique prime ideal containing a®, so
va® = p° (since A, is Noetherian). Therefore a® is p°-primary. Then

()
- 1""’1 )

so htp =dim A, = 6(A4,) <(p°) <r. O

5 Tensor products and flatness

5.1 Tensor products

Let A be a ring, and suppose M and N are A-modules. Their tensor product
M ® N is the A-module of finite sums of formal products m ® n, constrained
by A-linearity. We will make this precise soon, but first we will look at an
example.

Example 5.1. Let A =Z. Then Z/27Z ® Z/3Z = 0. Indeed,

a®b=3a)®b=a®(3b) =a®0=0

Example 5.2. Let A = k be a field. If V and W are k-vector spaces, then
V ® W is a vector space of dimension dim V' - dim W
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Definition 5.3. For A-modules M,N and L, an A-bilinear map f: M xN — L
is a map such that f(m,—): N — L and f(—,n) : M — L are A-linear for all
m & M and n € N.

Let A be a ring, and let S be a set. Write

!
A®S:@A-s:{2as~slZO,aseA}.
i=1

ses

Definition 5.4. Let M and N be A-modules. Their tensor product is
A®M><N
MN=———
& K
where K is the A-submodule generated by
e (m1,n)+ (me,n) — (M1 + ma,n) for each my,me € M and n € N.
e (m,n1) + (m,na) — (m,n1 + ng) for each m € M and ny,ns € N.

e a(m,n) — (am,n) and a(m,n) — (m,an) for each m € M, n € N and
a € A

The image of 1(m,n) in M ® N is written m ® n.
We have a natural A-bilinear map

LM®N:M><N—>M®N
(m,n) = mn.

Proposition 5.5 (Universal property of the tensor product). For every A-
module L and A-bilinear map f : M x N — L, there is a unique A-module
homomorphism h: M ® N — L such that f = hoiygn-

MXN— M®N

LM®N
=Y
L
Proof. Suppose such a map h exists. Then f(m,n) = h(m ® n), so h is deter-
mined by im tpgn, which generates M ® N. Thus we have uniqueness.

For existence, consider the A-linear map h: ABMXN [ given on a basis by
h(1-(m,n)) = f(m,n). Since f is bilinear, it maps K — 0, so h descends to a
linear map h : M ® N — L. By construction,

h(m @ n) = h(1(m,n)) = f(m,n).
O

As with localisation, the tensor product — precisely, the pair (M ® N, tpyron) —
is determined up to unique isomorphism by this universal property.

Showing that an element in a particular tensor product doesn’t vanish might
seem difficult. The next proposition provides a way of doing this.
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Proposition 5.6. Consider © = 22:1 m; @n; € M @ N. Then x # 0 iff
thc;re is some A-module L and A-bilinear map f : M x N — L such that
Z¢:1 f(mi’ TLZ) ?é 0.

Proof. Suppose x = 0, and let f : M x N — L be an A-bilinear map. By the
universal property, f = hoty gy for some A-linear map h: M @ N — L. Then

l l

S" fmen) =3 h(mi @ n;) = h(0) = 0.

i=1 i=1
Conversely, suppose z # 0. Let L =M ® N and f = tprgn; then

!
0#z= ZLM®N(mi7ni)'

i=1

Example 5.7. Let A =7, and consider 2® 1 € Z ® Z/27Z. Then
21=1%2=1®0=0.

However, consider 2 ® 1 € 2Z ® Z/2Z. Then in fact 2® 1 # 0. Indeed, let

L =7Z/2Z, and map

b:2Z 7/27 — 7]27
(2n,x + 27Z) — nx + 2Z.
Then b(2®1) =1 #0.
This example shows that tensor products of submodules do not embed.

Proposition 5.8. If Y . m;®n; =0 in M®N, then there are finitely-generated
submodules M' < M, N' < N such that ), m; ®n; =0 in M' ® N'.

Proof. Exercise. Intuitively, the relation making the sum vanish only uses
finitely many element of M and N. O

Proposition 5.9. There are natural isomorphisms

(i) )
M®N —NM
men —n@m.
(i)
(M@N)@P —>M®(N®P)=M®N®P
(men)@p — m® (n®p)
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(iii)
(@ Mi> QP =5 @(Mi ® P)

(mi @ p) — (m; @ p)

(iv)
A M =35 M

(a,m) — am.

(v) Let M' < M and N’ < N be submodules. Then
M N ~ M®N

wEN T T

men —mQen,

where
L=spany ({m'@n|(m',n)e M'x NyU{m&@n'|(m,n")e M x N'}).
Proof. Omitted: easy but tedious check. O

Example 5.10. Let V, W be vector spaces over k, with bases B and C respec-
tively. Then V ® W is a k-vector space with basis

{b®c|be B,ceC}.

In particular, dim(V @ W) = dim V - dim W.

5.2 Extension of scalars

Let f: A — B be a ring homomorphism.
Definition 5.11. Let M be a B-module. Then M is an A-module via

This is called restriction of scalars from B to A. We have a dual notion, called
extension of scalars from A to B.

Definition 5.12. Let N be an A-module. View B as an A-module; then the
tensor product Np := B ®4 N is a B-module via

Indeed, this multiplication arises from descending the A-bilinear maps

BxN = B@s N
(b,n) — (bob,n)
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to maps hy, : B&®a N = B®4 N. The map

B — Endz(B®a N)
bo — hbo
is then a ring homomorphism.

Example 5.13. Consider the inclusion R < C. We have

Cor R* = C™

Example 5.14. Let A be aring, S aset, and M = A® 5 /K for some submodule
K. Let f: A— B be a ring homomorphism. We have

(AP =B, AP~ (Be, A)PS = &S,
this maps b ® v — bf (v), where f acts coordinate-wise.
Then

ADS B _ A®S B®a ADS B®S
K )z 0 K {b@k|be B,ke K} spang f(K)

where f acts coordinate-wise on K.

In particular, if M is finitely generated (as an A-module), then so is Mp (as a
B-module).

Now suppose B and C be A-algebras. Then B ®4 C is in fact a ring via the
multiplication

(bl X Cl)(bQ (29 CQ) = (blbg) X (6162).
This is well defined. Indeed, fix b € B and ¢; € C; then the map

Bx(C—=BC
(b,c) = (b1b) @ (c1c)

is bilinear, and gives rise to the multiplication above, so multiplication is linear;
it is then easy to check it is a ring multiplication.

Now, B® (C is a B- and a C- algebra viab - b® 1 and ¢c - 1 ®c. Then B& C
is an A-algebra in two ways: A - B - B®(C and A - C - B® C. By
construction, these ways coincide.

Example 5.15. We can change the base ring of an algebra. Let k& C L be
an extension of fields, and let A = k[Ty,...,T,]/I. Then A, = L ®; A =
L[Ty,...,T,)/I¢. Note that, if I = (f1,..., fs), then also I¢ = (f1,..., fs), so
the tensor product has the same relations.

Tensor products are functorial: given maps f : M — N and g : P — @ of
modules over a ring A, define

fRg:MP - N®Q
m®@p— f(m)® g(p).

This is an A-module homomorphism.
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5.3 Flat modules

Proposition 5.16. For an exact sequence

Y Ve B Vi 0

of A-modules, and an A-module N, the sequence

MeoN Y e N EN e N 0
1s exact.

Proof. Since g is surjective, so is g ® Idy: indeed, its image contains all pure
tensors.

Now, go f =0, so
(9Tdy)o (f@Idy) = (9o f) ®Idy = 0@ Idy = 0.
Hence L == im(f ® Idyx) C ker(¢g ® Idy ). Now consider

M®N
L
z+L— (¢gIdy)(x).

S M'®@N

Further, the bilinear map

M®N
M x N — ®

m@n+ L

vanishes on f(M’) x N, so it descends to a bilinear map M/f(M') x N —
(M ®N)/L. But M/f(M') = M", so we get a bilinear map

M®N

M" x N —
(9(m),n) > m®@n+ L.

By the universal property, we get a map

M&N

i M" @ N&to
glm)®@n —-men+ L.

Evaluating on pure tensors, we see ¢ and 1 are inverses. Fix = € ker(g ® Idy);
then

2+ L= (e + L) = ¥((g ® Idy)z) = 0+ L.
T

Hence z € L = im(f ® Idy). O

45



Note that, if M’ — M — M" is exact, then M@ N - M @ N - M" @ N
might not be. For example, consider

0 —— 7 247

and tensor with Z/2Z. We get

0*>Z®%;2>Z®%

Since the map is not injective, the sequence is not exact.

Definition 5.17. An A-module N is flat if, for all injections f : M; < M of
A-modules, the map f ® Idy : M7 ® N — Ms ® N is also injective.

Examples 5.18.

1. Free A-modules are flat: under the isomorphisms M; @ AP S =~ MZ@S,
f®Id s just becomes f applied component-wise.

2. Projective A-modules are flat. These are A-modules N; such that the sum
N; @ Ny =2 ADS is free for some A-module No.

Indeed,

M1®(N1€BN2) &Mz@(Nl@NQ)

is injective, so

(fRId)®(f®1d)
-

(M ®@ N1) & (M1 ® Na) (M2 ® Ny) ® (M ® Na)

is injective. Thus N; is flat.

Suppose & € A is not a zero divisor; then the map A - A is injective. Let M
be a flat A-module; applying the isomorphism M = A @4 M, we see M = M
is injective. Hence M is torsion-free.

5.4 The Tor functor

We will now meet some homological algebra.

Definition 5.19. Let M and N be modules over a ring A. A free resolution
for N is an exact sequence

P E N

where each F; is a free A-module. Then let Torf(M ,N) be the i*® homology
group of the chain complex below (a chain complex is a sequence of A-modules
such that the composition of each pair of adjacent transition maps is 0).

.4)M®AF1*>M®AF0*>O

Explicitly,
ker(M @4 F; = M ®4 F;_1)

Tor (M, N) = .
o M N ) = i 4 Fioy = M ©4 F)
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We can omit A from the notation, writing Tor;(M, N). Free resolutions always
exist, and the groups Torg4 (M, N) are independent of the choice of resolution.
We also have Tor;(M, N) = Tor;(N, M). We will not prove any of these facts,
but they are in any book on homological algebra.

Examples 5.20.
(i) By right exactness, Torg (M, N) = M ®4 N.

(ii) Suppose x € A is not a zero divisor. Then A/(x) has a free resolution

0 A—25 A Af(z)

Let M be an A-module; we can then compute

TOI‘Z‘ (:C7N) = (O ‘N 13) =1
0 1>1

Here, (0:n ) = {z € N | 2n = 0}.
Take a SES of A-modules
N —— N —s N”

and free resolutions
F| —— F), ——» N’

Flll Fé/ N//

Then F; = F! @ F! yields a free resolution for N. The diagram below then
commutes, with exact rows and columns.

N ——s N ——3 N”

I !

F| —— Fy —» FJ

| |

Fl —— F, —> F/

[ [

Tensoring with M, we get a commutative diagram with exact rows (by right
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exactness); each column remains a chain complex.

NOM — NQM — N' @M

l l

FFoM—— Fo@ M — Fy @ M

| |

FloM — F1oM — F{' @M

[ [

This naturally induces an exact sequence

Tor; (M, N") — Tor;(M, N) — Tor;(M, N");
we also get a connecting homomorphism 9; : Tor;(M,N") — Tor;_1(M,N")
which gives a LES

2 Tory(M, N') —— Tory(M, N) —— Tor; (M, N")

TOI‘i_l(M, N’) E— TOI‘Z'_l(M, N) Emd TOI'Z'_l(M, N”) —_— ...
We construct the connecting maps by doing the only sensible thing possible at
each step to traverse the previous diagram.

This sequence ends
o> NeoM-—->NeoM-—»N"® M.

Recall that, since — ® M is not left exact, the map N/ ® M — N ® M need
not be injective. The connecting maps 0; allow us to instead continue the exact
sequence to the left indefinitely.

Lemma 5.21. Let I < A. The natural map [ @4 M — A®a M = M is
ingective iff Tor1(A/I, M) = 0.

Proof. We have a SES I < A — A/I; the induced LES on Tor is

<o = Tor1 (A, M) — Tory (A/I, M) - T®M - A M — A/T® M.
Using the free resolution 0 — A — A, we can compute that Tor; (4, M) = 0.
Therefore I @ M — A® M is injective iff the injection Tory (A/I, M) — I ® M

is zero. ]

We now apply these ideas to flatness.

Proposition 5.22. An A-module M 1is flat iff, for every finitely generated ideal
I < A, the natural map vty : I ® 4 M — M is injective.
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Proof.
=: Apply flatness to I — A.

<: Suppose ¢ is injective for any finitely generated 1.
Claim 1: The natural map ¢ty : J ® 4 M — M is injective for any ideal J < A.

Indeed, take z = Zleji ® m; € kerty, so that >, j,m; = 0 € M. Let
I = (j1,...,jk); then « € keriy. Since I is finitely generated, by assumption
x = 0. Hence ¢ is injective.

Now let N’ < N be an inclusion of A-modules. Identifying N’ with its image
in N, we can assume that N/ < N. Let ¢ : N'®4 M — N ® 4 M be the natural
map.

Claim 2: If N'/N is cyclic, then ¢ is injective.
Let N/N' = xA. Since the map A —% N/N’ is surjective, we have N/N’ = A/.J

for some J < A. Now, consider the exact sequence

Tory (N/N', M) —— N' @4 M —— N@4 M

Then Tory (N/N', M) = Tory (A/J, M); by the last lemma and claim 1, Tor; (A/J, M)

0, and so ¢ is injective by exactness.
Claim 3: If N’/N is finitely generated, then ¢ is injective.
We have a filtration

N =No<N <---<Np,=N

with each successive quotient N;y1/N; cyclic. By claim 2, the natural maps
N; ®4 M — N;11 ®4 M are all injective. Therefore their composition ¢ is
injective.

We have now done enough prove the result in general. Indeed, suppose

k
x € Zné@mi € ker ..
i=1

As in claim 1, we restrict ¢ to the finitely generated module nf A + --- 4 nj 4;
by claim 3, x = 0. Hence ¢ is injective. O

6 Discrete Valuation Rings

Definition 6.1. Let K be a field. A (normalised) discrete valuation on
K is a surjective group homomorphism v : K* — Z such that v(z + y) >

min{v(z), v(y)}.
By convention, write v(0) = oco.
Definition 6.2. Let v be a discrete valuation on a field K. Its valuation ring
is
Og ={z € K |v(z) > 0}.

Such a ring is called a discrete valuation ring (DVR).
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Note that Frac O = K.

Example 6.3. Let p € Z be prime. Write x € Q as x = pk% for a,b 1 p; then
v(z) = k is a discrete valuation on Q with valuation ring Ox = Z).

Proposition 6.4. Every DVR A is a local PID.

Proof. Let the associated field and valuation be K and v.

Take nonzero elements z,y € A. Since v(z~!) = —v(z), we have that x € A
iff v(x) = 0. Therefore, v(z) = v(y) iff v(zy~!) = 0, iff x,y are associate.

Since v : K — Z is surjective, there is some m € A with v(7) = 1. This is called
a uniformiser of A. Observe that z ~ 7°(*) (they are associate).

Claim: The nonzero ideals of A are exactly (7*) (k € N).

Indeed, let a < A be nonzero. Let | = minwv(a), and find y € a such that
v(y) =1; then y ~ ', so 7! € a. If x € a, then v(z) > I, so

T~ 7_‘_v(m) — 7_‘_v(r)—lﬂ,l7

and so z € (7!). Hence a = (7).
Therefore A is a PID with unique maximal ideal (7). O
The converse is also true: let K = Frac A, and let v(ur®) = k, where u € A*.

It is easy to check that all elements of K* are of this form, and that v is indeed
a valuation on K.
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